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Local computation of S-reduction
A concrete presentation of Game Semantics
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Abstract
We show that ...
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Analyzing the effect that a syntactic restriction (such as safety) has on the game-
semantic model is a difficult task since the main feature of game semantics is precisely to
be syntax-independent. The aim of this chapter is to establish an explicit correspondence
between the game denotation of a term and its syntax. This will be used in the next
chapter to give a characterization of the game semantics of the safe lambda calculus.

Our approach follows ideas recently introduced by Ong [1], namely the notion of com-
putation tree of a simply-typed lambda-term and traversals over the computation tree.
A computation tree is just an abstract syntax tree (AST) representation of the n-long
normal form of a term. Traversals are justified sequences of nodes of the computation
tree respecting some formation rules. They are meant to describe the computation of the
term, but at the same time they carry information about the syntax of the term in the
following sense: the P-view of a traversal (computed in the same way as P-view of plays in
game semantics) is a path in the computation tree. Traversals provide a way to perform
local computation of (B-reductions as opposed to a global approach where (-redexes are
contracted using substitution.

The culmination of this chapter is the Correspondence Theorem (Theorem 2.2). It
states that traversals over the computation tree are just representations of the uncovering
of plays in the strategy-denotation of the term. Hence there is an isomorphism between the
strategy denotation of a term and its revealed game denotation. In a nutshell, the revealed
denotation is computed similarly to the standard strategy denotation except that internal
moves are not hidden after composition. In order to make a connection with the standard
game denotation, we define an operation that extracts the core of a traversal by eliminating
occurrences of “internal nodes”. These node occurrences are the counterparts of internal
moves that are hidden when performing strategy composition in game semantics. This
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leads to a correspondence between the standard game denotation of a term and the set
traversal cores over its computation tree.

Using this correspondence, it possible to analyze the effect that a syntactic restriction
has on the strategy denotation of a term. This is illustrated in the next chapter where
we rely on the Correspondence Theorem to analyze the game semantics of the safety
restriction.

Related works: The useful transference technique between plays and traversals was orig-
inally introduced by Ong for studying the decidability of monadic second-order theories of
infinite structures generated by higher-order grammars [1]. In this setting, the ¥-constants
or terminal symbols are at most order 1, and are uninterpreted. Here we present an ex-
tension of this framework to the general case of the simply-typed lambda calculus with
free variables of any order. Further the term considered is not required to be of ground
type contrary to higher-order grammars. This requires us to add new traversal rules to
handle variables whose value is undetermined (i.e., those that cannot be resolved through
redex-contraction). We also extend computation trees with additional nodes accounting for
answer moves of game semantics. This enables our framework to be extended to languages
with interpreted constants such as PCF and Idealized Algol.

A notion of local computation of -reduction has also been investigated through the
use of special graphs called “virtual nets” that embed the lambda calculus [2].

Asperti et al. introduced [3] a syntactic representation of lambda-terms based on Lamp-
ing’s graphs [4]. They unified various notions of paths (regular, legal, consistent and
persistent paths) that have appeared in the literature as ways to implement graph-based
reduction of lambda-expressions. We can regard a traversal as an alternative notion of path
adapted to the graph representation of lambda-expressions given by computation trees.

1. Computation tree

We work in the general setting of the simply-typed lambda calculus extended with a
fixed set ¥ of higher-order uninterpreted constants.! We fix a simply-typed term-in-context
I' = M : T for the rest of the section.

1.1. Definition

We define the computation tree of a simply-typed lambda-term as an abstract syntax
tree representation of its n-long normal form (Def. ?7). Our definition generalizes the
notion of computation tree for higher-order recursion schemes [1].

We recall that a term M in n-long normal form is of the form AZ.sys;...s,, where
T=a...2, for n > 0 and sys; ... s, is of ground type, each s; for j € 1..m is in n-long
nf, and either sq is a variable or a constant and m > 0; or sy is an abstraction A\y.s and

LA constant ¢ € ¥ is uninterpreted if the small-step semantics of the language does not contain any rule
of the form ¢ My ... My -+ — fo(Mq, ..., My) for some function f. over closed normal terms M, ..., M.
Think of such constant as a data constructor.
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AT )\f

AN SATA

“(AT.281 ... 8y : 0) (AT (AY.t)S1...Sm : 0)
mZOandzEVUZ le

Table 1: The tree 7= (M).

m > 1 where s is in n-long nf. If M is of ground type then its n-long nf is of the form
A.N; although the symbol A" does not correspond to a real lambda-abstraction—we call it
‘dummy lambda’—it will still be convenient to keep it in expressions representing eta-long
normal forms.

Definition 1.1. Let [' i M : T be a simply-typed term with variable names from V and
constants from ¥. The pre-computation tree 7 (M) with labels taken from {Q} UX UV U
{Aey...2 | x1,...,2, € V,n € N}, is defined inductively on its n-long normal form as
follows.

Form>0,2€VUX: 7 (AT.281...8n:0) = AT({T (51),...,7 (Sm)))
form>1: 7= (AT.(A\y.t)s1...8m :0) = AT(Q(r~(Ay.t), 7 (51),-- T (Sm))) ,

where we write [(t1,...,t,) for n > 0 to denote the ordered tree whose root is labelled 1
and has n child-subtrees tq, ..., t,. The trees from the equations above are illustrated in
Table 1.

By convention the first level of a tree (where the root lies) is numbered 0. In the tree
7~ (M), nodes at odd-levels are variable, constant or application nodes; and at even-levels
lies the A-nodes. A single A\-node can represent several consecutive abstractions or it can
just be a dummy lambda (if the corresponding subterm is of ground type).

Definition 1.2. Let M be a simply-typed term not necessarily in 7-long normal form. Let
D denote the set of values of base type 0. The computation tree of M, written 7(M)
is the tree obtained from 7~ ([M]) by attaching leaves to each node as follows: for every
node n € 77 (M), the corresponding node in 7([M]) has a child leaf labelled v,,, called
value-leaf, for every possible value v € D.

Inner nodes of the tree are thus of three kinds:

e )\-nodes labelled AT for some list of variables T (Note that a A-node represents several
consecutive variable abstractions),
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e application nodes labelled @,

e variable or constant nodes with labels in X U V.

A node is said to be prime if it is the 0**{ child of an @-node. An inner node whose parent

is a @-node or a X-node is called a spawn node.

Example 1.1.

e The computation tree of a ground type variable or constant « is

e The computation tree of a higher-order variable or constant « :

the following form:

_
A&y

.
T

AGp

?

Example 1.2. Take b Afo7°.(Au"%u)f : (0 — 0) — 0 — o.

Its n-long normal form is:

e AfO02°
(Aue~v%u(Av))
(Ay”-fy)

(\.2)

(0—0)—0—0

Its computation tree is:

A

«

(A, ...

,A,,0) has

Example 1.3. Take ¢ M\ucv((©=97) (A\z° v(\2°.2))u : 0 — ((0 — 0) — 0) — o.

Its n-long normal form is:

Fo Autvlle—0)=0),
Az v(Az°.2))u

c0—((0—>0)—0)—o0

Its computation tree is:

Auv

@
/ \
AT A

v

Az

X

u
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NOTATIONS 1.1 We write ® to denote the root of 7(M). We write E to denote the parent-
child relation of the tree, V' for the set of vertices (i.e., leaves and inner nodes) of the tree,
N for the set of inner nodes and L for the set of value-leaves. Thus V = N U L.

We write Ny, for the set of 3-labelled nodes, Ng for the set of @-labelled nodes, N,,, for
the set of variable nodes, Vg, for the subset of IV, consisting of free-variable nodes, Npyrime
for the set of prime nodes and Nypawn for the set of spawn nodes (= N N E(Na U Nx))).

For § ranging over {@, \ var, fv}, we write Lg to denote the set of value-leaves which are
children of nodes from Ng; formally Lg = {v, | n € Ng,v € D}. We write Vg for Ng U Lg.

For every lambda node n in Ny we write M ™ for the subterm rooted at n and V) for
the set of vertices of the sub-computation tree 7(M™); formally V(™ = E*({n}) where
E* denotes the transitive, reflexive closure of the parent-child relation E.

Each subtree of the computation tree 7(M) represents a subterm of [M]. We define
the function x : N — A" (where A®" denotes the set of Church typed lambda-terms) that
maps a node n € N to the subterm of [M] corresponding to the subtree of 7(M) rooted
at n. In particular k(®) = [M].

REMARK 1.1 Since the computation tree is computed from the eta-long normal form, for
every subtree of 7(M) of the form AP , we have ord k(n) = 0.

mn
) T~
Mo G

Definition 1.3 (Type and order of a node). Suppose I' = M : T. The type of an inner-
node n € N of 7(M) written type(n) is defined as follows:

type(®) = I' =T,
for n € (NyU Na) \ {®}: type(n) = type of the term x(n),
for n € Nyoy U Nyt type(n) = type of the variable labelling n.

where the notation I' — T is an abbreviation for (A;,...,A,,T) and A,,..., A, are the
types of the variables in the context I'.

The order of a node n, written ord n, is defined as follows: a value-leaf v € L has order
0 and the order of an inner node n € N is defined as the order of its type. In particular,
the type of a lambda node different from the root is the type of the term represented by
the sub-tree rooted at that node, and the type of a variable-node is the type of the variable
labelling it.

Since the computation tree is calculated from the 7-long normal form, all the @-nodes
have order 0 (ord @ = 0); for every lambda node A # @& we have ord \§ = 1+max, ¢ ord z;

and if the root ® is labelled A then ord® = 1 4 max
max () = —1.

2€EUT ord z with the convention

Definition 1.4 (Binder). We say that a variable node n labelled x is bound by a node
m, and m is called the binder of n, if m is the closest node in the path from n to the root
such that m is labelled \¢ with x € &.



wa  1.2. Pointers and justified sequence of nodes

ws  1.2.1. Definitions

s Definition 1.5 (Enabling). The enabling relation I is defined on the set of nodes of
w7 the computation tree as follows. We write m = n and we say that m enables n if and only
we if m € LU Ny U N, and one of the following conditions holds:

179 e n € Ny, and m is the root ®;
180 e n € Ny, \ Ny and m is n’s binder, in which case we write m ; n to precise that n
181 is the 7t variable bound by m;
182 e n € N, and m is n’s parent;
183 e n € L and m is n’s parent (i.e., n = v, for some v € D).
Formally:

F = {(®n) |n € N}
U {(\ZT,z) |x € Nyar \ Ny A AT is 2’s binder}
U {(m, A1) | m is A7j’s parent and A\7j € N}
U {(m,v,) | veD,me N}

18« Note that in particular, free variable nodes are enabled by the root. Table 2 recapitulates
15 the possible node types for the enabler node depending on the type of n.

Ifne_ then me_

N,y Nyar U Ns U Ng
Lvar Nvar

La Nag

Ly Ny,

Nvar N)\

Ny, n.a.

Na n.a.

Ly N

Table 2: Type of the enabler node in “m F n”.

186 We say that a node ny of the computation tree is hereditarily enabled by n, € N if
17 there are nodes nq,...,n,_1 € N such that n;y; enables n; for all : € 0..p — 1.
For every sets of nodes S, H C N we write S" to denote the subset SN * (H) of S
consisting of nodes hereditarily enabled by some node in H. Formally:

SH™ ={n e S |Ing € H s.t. ng F*n} .

s If H is a singleton {ng} then we abbreviate S{"}" into SmoF.

7



189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

211

We have V. = V' \ (VAe"UV2A="). The elements of N& (i.e., variable nodes that are

hereditarily enabled by the root of 7(M)) are called input-variables nodes.

We use the following numbering conventions: The first child of a @-node—a prime
node—is numbered 0; the first child of a variable or constant node is numbered 1; and
variables in ¢ are numbered from 1 onward (£ = &;...&,). We write n.i to denote the "
child of node n.

Definition 1.6 (Justified sequence of nodes). A justified sequence of nodes is a se-
quence of nodes s of the computation tree 7(M) with pointers. Each occurrence in s of
a node n in L U Ny U N,,, has a link pointing to some preceding occurrence of a node m
satisfying m F n; and occurrences of nodes in Ng U Ny, do not have pointer.

If an occurrence n points to an occurrence m in s then we say that m justifies n. If n
is an inner node then we represent this pointer in the sequence as ni. . .1 where the label
indicates that either n is labelled with the i*" variable abstracted by the A-node m or that
n is the i™ child of m. The pointer associated to a leaf v,,, for some value v € D and

internal node m € N, is represented as m/\vm

To sum-up, a pointer in a justified sequence of nodes has one of the following forms:

N
e 2 for some occurrences r of 7(M)’s root and z € Ny, ;

i

EaEN _ _
or X-...-& for some variable & bound by A&, 1 € 1..[¢] ;
R
or @.-...- A7 je{l.(arity(@) —1)} ;

or a-...-Af, forae NyUNy,, ke {l.arity(a)} ;
or m’/\vm for some value v € D and internal node m € N .

We say that an inner node n in of a justified sequence of nodes is answered® by the
value-leaf v, if there is an occurrence of v,, for some value v in the sequence that points to n,
otherwise we say that n is unanswered. The last unanswered node is called the pending
node. A justified sequence of nodes is well-bracketed if each value-leaf occurring in it is
justified by the pending node at that point.

For every justified sequence of nodes t we write ?(t) to denote the subsequence of t
consisting only of unanswered nodes. Formally:

?(uy n’/unn) =?(uy -n-ug) \ {n} for some value v € D |
Y(u-n)=2(u)-n forng L |

where u \ {n} denotes the subsequence of u obtained by removing the occurrence n.

2This terminology is deliberately suggestive of the correspondence with game-semantics.
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If u is a well-bracketed sequences then 7(u) can be defined as follows:

w1t v,) =2(u) for some value v € D |
Yu-n)="(u)-n where n € L .

NoOTATIONS 1.2 We write s = t to denote that the justified sequences s and ¢t have same
nodes and pointers. Justified sequence of nodes can be ordered using the prefix ordering:
t < t'if and only if t = ¢’ or the sequence of nodes t is a finite prefix of ¢’ (and the pointers
of t are the same as the pointers of the corresponding prefix of ¢'). Note that with this
definition, infinite justified sequences can also be compared. This ordering gives rise to
a complete partial order. We say that a node ng of a justified sequence is hereditarily
Justified by n, if there are nodes ny,ns,...n,_1 in the sequence such that n; points to
n;41 for all ¢ € {0..p — 1}. We write t* to denote the last element of the sequence t.

1.2.2. Projection
We define two different projection operations on justified sequences of nodes.

Definition 1.7 (Projection on a set of nodes). Let A be a subset of V| the set of vertices
of 7(M), and t be a justified sequence of nodes then we write ¢ | A for the subsequence
of t consisting of nodes in A. This operation can cause a node n to lose its pointer. In
that case we reassign the target of the pointer to the last node in t,, [ A that hereditarily
justifies n (This node can be found by following the pointers from n until reaching a node
appearing in A); if there is no such node then n just loses its pointer.

Definition 1.8 (Hereditary projection). Let ¢ be a justified sequence of nodes of 7rav(M)
and n be some occurrence in t. We define the justified sequence ¢ | n as the subsequence
of t consisting of nodes hereditarily justified by n in ¢.

Lemma 1.1. The projection function _ | n defined on the cpo of justified sequences ordered
by the prefix ordering is continuous.

Proof. Clearly _ | n is monotonous. Suppose that (t;);c. is a chain of justified sequences.
Let u be a finite prefix of (\/¢;) [ n. Then u = s [ n for some finite prefix s of \/t;. Since
s is finite we must have s < ¢; for some j € w. Therefore u < ¢; [ n < \/(¢; [ n). This is
valid for every finite prefix u of (\/¢;) [ n thus (\V¢;) [ n < \/(¢; [ n). O

The nodes occurrences that do not have pointers in a justified sequence are called nitial
occurrences. An initial occurrence is either the root of the computation tree, an @-node
or a X-node. Let n be occurrence in a justified sequence of nodes t. The subsequence of ¢
consisting of occurrences that are hereditarily justified by the same initial occurrence as n
is called thread of n. Thus each thread in a traversal contains a single initial occurrence.
The thread of n is given by n [ ¢ where ¢ is the first node in ¢ hereditarily justifying n; i is
called the tnitial occurrence of the thread of n.
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1.2.3. Views
The notion of P-view "t of a justified sequence of nodes t is defined the same way as
the P-view of a justified sequences of moves in Game Semantics:

Definition 1.9 (P-view of justified sequence of nodes). The P-view of a justified sequence
of nodes t of 7(M), written "t7, is defined as follows:

(|

€ €
fs.m' = Tsl-n forn € Nyoyy U Ny U Ng U Ly
Cs.mi-...-n? = Ts'-mi-n forn € Lyy ULy ULaUN,y ;
Fs-r!' = r if r is an occurrence of ® (7(M)’s root) .

The equalities in the definition determine pointers implicitly. For instance in the second
clause, if in the left-hand side, n points to some node in s that is also present in "s' then
in the right-hand side, n points to that occurrence of the node in "s™.

The O-view of s, written Ls., is defined dually.

Definition 1.10 (O-view of justified sequence of nodes). The O-view of a justified sequence
of nodes t of 7(M), written (¢, is defined as follows:

LEs = €
LS N1 = LS1'N forn € Ly, ULy U La UN,y, ;
LS mi-... s = iLsa-m-n forn € Ny ULy ;
LS-na = n for n € Ng U Ny; .

We borrow some terminology from game semantics:
Definition 1.11. A justified sequence of nodes s satisfies:

- Alternation if for every two consecutive nodes in s, one is in V) and not the other one;

- P-vistbility if for every occurrence in s of a node in N,,, U L, its justifier occur in the
P-view a that point;

- O-vistbility if the justifier of each lambda node in s occurs in the O-view a that point.

We then have the same basic property as in game semantics: The P-view (resp. O-
view) of a justified sequence satisfying P-visibility (resp. O-visibility) is a well-formed
justified sequence satisfying P-visibility (resp. P-visibility). (This property follows by an
easy induction.)

1.3. Traversal of the computation tree

We now define the notion of traversal over the computation tree 7(M). We first consider
the simply-typed lambda calculus without interpreted constants; everything remains valid
in the presence of uninterpreted constants as we can just consider them as free variables.
In the second section, we extend the notion of traversal to a more general setting with
interpreted constants.

10
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1.3.1. Traversals for simply-typed \-terms
Informally, a traversal is a justified sequence of nodes of the computation tree where
each node indicates a step that is taken during the evaluation of the term.

Definition 1.12 (Traversals for simply-typed lambda-terms). The set 7 rav(M) of traver-
sals over 7(M) is defined by induction over the rules of Table 3. A traversal that cannot
be extended by any rule is said to be mazimal.

Initialization rules

(Empty) € € Trav(M).

(Root) The sequence consisting of a single occurrence of 7(M)’s root is a traversal.
Structural rules

(Lam) If t - A€ is a traversal then so is ¢ - A - n where n denotes A’s child and:

— If n € Naq U Ny, then it has no justifier; B
— if n € Ny \ Ny, then it points to the only occurrence® of its binder in "t- AL
— if n € Ny, then it points to the only occurrence of the root ® in "¢ - A

0

(App) If ¢ - @ is a traversal then so is ¢ - @ - n.
Input-variable rules

(InputVar) If ¢ is a traversal where ¥ € N& U L$" and  is an occurrence of a variable

node in Lt then so is t - n for every child A\-node n of z, n pointing to x.

(InputValue) If t; - - £, is a traversal with pending node x € N&" then so is t; - 2ty U,
for all v € D.

Copy-cat rules _
(Var) If t - n - \F ... is a traversal where z; € NE then so is t -1+ AT ... & - NJi.

v
v v

(Value) If t - m - 1. . b, is a traversal where n € N then so is t-ni - 1. .. 0y - Up.

Table 3: Traversal rules for the simply-typed lambda calculus.

“Prop. 1.1 will show that P-views are paths in the tree thus n’s enabler occurs exactly once in the
P-view.

11



Example 1.4. The following justified sequence is a traversal of the computation tree from
Example 1.2:

t:)\fz-@-)\uv-u-)\y-fi\)\-y-)\-v-)\-z .

213 REMARK 1.2

274 1. The rule (Value) from Table 3 can be equivalently reformulated into four distinct
275 rules (Value®=®), (Value®™*), (Value*¥?") and (Value'®*~?), each one dealing with a
276 different possible category for the nodes n and m:
0 v v

2R
277 (Value?=@) If ¢t - @ - )\ﬂ)\g is a traversal then so is t - @ - )\ﬂ,\g Va.
278 (Value®=?) If ¢ - X - @/._..\v@ is a traversal then so is ¢ - A - @m@ VN,
279 (Valuer=var) Ift -y - )xm)\g is a traversal with y € N2 then so ist - ym)yl
280 (Value" =) If ¢ - AE - 2.0, is a traversal where z € N,,, thensoist - A - 27, . b, - )z
281 In the rest of this chapter we will prove various resulting by induction on the structure
28 of a traversal and by case analysis on the last rule used to form it. Some of these
263 proofs will rely on the above-defined reformulation of (Value) instead of its original
284 definition.

2. In the rule (InputValue), the last node in the traversal ¢; - x - t5 necessarily belongs
to Nyar U L. Indeed, since the pending node x is a variable node, the traversal is of

the form e S S
T AT Uy ATy U AT U

285 for some nodes M\, values v* € D and k > 0; thus the last occurrence belongs to
286 ]\7\,3r if k=0 and to L)\ 1f]€2 1.
287 Furthermore, the pending node appears necessarily in the O-view.
288 These two observations show that the rule (InputValue) is essentially a specialization
289 of (InputVar) to value-leaves. The only difference is that (InputVar) allows the visited
200 node to be justified by any variable node occurring in the O-view whereas (InputValue)
201 constrains the node to be justified by the pending node (which necessarily occurs in
202 the O-view). This restriction is here to ensure that traversals are well-bracketed.

203 3. In the rule (Value), it is possible to replace the condition “n € N” by the stronger

204 “n € N\ N . Indeed a later result (Lemma 1.6) will show that if n belongs to
205 N fBF then the preceding occurrence m is necessarily an input-variable. Furthermore,
296 another result (Prop. 1.1) shows that traversals are well-bracketed, therefore m is
207 necessarily the pending node. Hence the rule (InputValue) can be use in place of
208 (Value) to visit vy,.

209 The advantage of this alternative formulation is that the traversal rules have disjoint
300 domains of definition.
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A traversal always starts with the root node and mainly follows the structure of the tree.
The exception is the (Var) rule which permits the traversal to jump across the computation
tree. The idea is that after visiting a non-input variable node z, a jump can be made to
the node corresponding to the subterm that would be substituted for x if all the #-redexes
occurring in the term were to be reduced. Let AT be z’s binder and suppose z is the ¥
variable in T. The binding node necessarily occurs previously in the traversal (This will be
proved in Prop. 1.1). Since x is not hereditarily justified by the root, AT is not the root of
the tree and therefore it is not the first node of the traversal. We do a case analysis on the
node preceding A\T:

e [f it is an @-node then AT is necessarily the first child node of that node and it has
exactly |Z| siblings:

Q
1
AT iR ATJ; ) AT g

In that case, the next step of the traversal is a jump to A\7;—the i*" child of @—which
corresponds to the subterm that would be substituted for z if the S-reduction was
performed: i

¢ @ NF-.. wNT ... € Trav(M) .

e [f it is a variable node y, then the node AT was necessarily added to the traversal
t<, using the (Var) rule. (Indeed, if it was visited using (InputVar) then A\Z would
be hereditarily justified by the root, but this is not possible since x;, bound by A7,
is not an input-variable.) Therefore y is substituted by the term x(AZ) during the
evaluation of the term.

Consequently, during reduction, the variable x will be substituted by the subterm
represented by the %" child node of 3. Hence the following justified sequence is also
a traversal: /z\
TS Sy
REMARK 1.3 Our notions of computation tree and traversal differ slightly from the original
definitions by Ong [1]. In his setting:

- computation trees contain (uninterpreted first-order) constants. Here we have not ac-
counted for constants but as previously observed, uninterpreted constants can just be
regarded as free variables, thus we do not lose any expressivity here.

13



w3 - constants are restricted to order one at most. (Terms are used as generators of trees
2 where first-order constants act as tree-node constructors). Here we do not need this
s restriction: as long as constants are uninterpreted we can regard them as free variables,
»s  even at higher-orders.

27 - one rule ((Sig)) suffices to model the first-order constants. In contrast our setting
»s  accounts for higher-order variables, thus the more complicated rules (InputValue) and
20 (InputVar) are required.

;0 - computation trees do not have value-leaves. These are not necessary to model the pure
s simply-typed lambda calculus. There will be necessary, however, when it comes to model
s interpreted constants such as those of PCF or TA.

;3 Example 1.5. Consider the following computation tree:

334 )\
0/@\1
— ~
Ay \T
vy L

An example of traversal of thistr/eei%
e Y

AN @AY Y NT e AT

Lemma 1.2. Take a traversal t ending with an inner node hereditarily justified by an
application node @. Then if we represent only the nodes appearing in the O-view, the
thread of t* has the following shape:

135 Suppose that the initial node @Q occurs in the computation as follows:

336

AR

)\ﬁl . )\ﬁq
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Let 7; denote the sub-tree rooted at \nj; for i € {1..q}. Then for every j € {1..k}, x; and
AE; must belong to two different subtrees T; and 7. Furthermore, x; is hereditarily justified

by some occurrence of A\ij; in t and )\Ej s hereditarily justified by some occurrence of \n,
int (and therefore \§; € V™ and x; € VA1t ).

Proof. The proof is by an easy induction. O

1.3.2. Traversal rules for interpreted constants

The framework that we have established up to now aims at providing a computation
model of simply-typed lambda-terms. It is possible to extend it to other extensions of the
simply-typed lambda calculus. This is done by completing the traversal rules from Table
3 with new rules describing the behaviour of the interpreted constants of the language
considered. For instance in the case of PCF, we need to define rules for the interpreted
constant cond that replicate the behaviour of the conditional operation. (In a forthcoming
section of this chapter we will give a complete definition of the constant traversal rules for
PCF and IA.)

We mentioned before that uninterpreted constants can be regarded as free variables. In
the same way, we can consider interpreted constants as a generalization of free variables: for
both of them, the “code” describing their computational behaviour is not defined within the
scope of the term, it is instead assumed that the environment knows how to interpret them.
Free variables, however, are more restricted than interpreted constants: When evaluating
an applicative term with a free variable in head position, the evaluation of the head variable
does not depend on the result of the evaluation of its parameters; whereas for applicative
term with an interpreted constant in head position, the outcome of the evaluation may
depend on the result of the evaluation of its parameters (e.g., the PCF constant cond
branches between two control points depending on the result of the evaluation of its first
parameter).

We can thus derive a prototype for constant traversal rules by generalizing the input-
variable rules (InputValue) and (InputVar):

Definition 1.13 (Constant traversal rule). A constant traversal has one of the following
two forms:

t=t-a-ty € Trav(M) a € NyUNXE" 2t =a P(t)

(= value) t' =t - a@t) € Trav(M)
or
(5)/(5-Var) t€ Trav(M) t*€ NyUNY"ULy, P(t)
t-n(t) € Trav(M)
where:

e P(t) is a predicate expressing some condition on t;

e v(t) is a value-leaf of the node « that is determined by the traversal t;

e n(t) is a lambda-node determined by ¢, and its link—also determined by ¢t—points
to some occurrence of its parent node in Lt .
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Clearly, such rules preserve well-bracketing, alternation and visibility.

REMARK 1.4 The extra power of the constant rules over the input-variable rules (InputValue)|j
and (InputVar) comes from their ability to base their choice of next visited node on the
shape of the traversal ¢.

From now on, to make our argument as general as possible, we consider a simply-typed
lambda calculus language extended with higher-order interpreted constants for which some
constant traversal rules have been defined (in the sense of Def. 1.13). Furthermore, we
complete the set of rules with the following additional copy-cat rule:

v
v v

(Value* ) t - X - ¢ v, € Trav(M) A c €Y = t- Aﬁ% € Trav(M) .

Definition 1.14. A constant traversal rules is well-behaved if for every traversal ¢ - amzl
formed with the rule we have 7(u) = e.

An example is the rule (X-Value) which is well-behaved due to the fact that traversals
are well-bracketed. The rule (X)/(X-Var), however, is not well-behaved since the node n(t)
does not necessarily points to the pending node in ¢.

Lemma 1.3. If ¥-constants have order 1 at most, then constant rules are necessarily all
well-behaved.

Proof. In the computation tree, an order-1 constant hereditarily enables only its immediate
children (which are all dummy lambda nodes ). Hence a traversal formed with the rule
(X)/(X-Var) is of the form:

t=...- a‘-/u—-\)\
where « appears in Lt_.

If u = € then the result trivially holds. Otherwise, u’s first node has necessarily been
visited with the rule (¥)/(X-Var) thus u’s first node is a dummy lambda node A’ pointing to
a. Since v occurs in Lt and since the node X' enables only its value-leaf in the computation
tree, t must be of the following shape:

for some value leaf vy, of ).
Again, the node following vy, must be a dummy lambda node pointing to . By iterating
the same argument we obtain that the segment u is a repetition of segments of the form

)\m,\/. Hence ?(u) = e. O
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1.8.3. Property of traversals
Proposition 1.1. Let t be a traversal. Then:

(i) t is a well-defined justified sequence satisfying alternation, well-bracketing, P-visibility
and O-visibility;

(i1) If the last element of t is not a value-leaf whose parent-node is a lambda node (i.e.,
t“ & Ly) then "t is the path in the computation tree going from the root to the node
tv.

Proof. This is the counterpart of another result proved by Ong in the paper where he
introduces the theory of traversals [5, proposition 6]. The original proof—an induction
on the traversal rules—can be adapted to take into account the constant rules and the
presence of value-leaves in the traversal. We detail the case (Lam) only. We need to show
that n’s binder occurs only once in the P-view at that point. By the induction hypothesis
(ii) we have that "t - A is a path in the computation tree from the root to Aé. But n’s
binder occurs only once in this path, therefore the traversal ¢ - A - n is well-defined and
satisfies P-visibility. Thus (i) is satisfied. Furthermore n is a child of ¢ therefore (ii) also
holds. O

Lemma 1.4. Ift-n is a traversal with n € Ny, U Ny U Nq then t # € and t* is n’s parent
in T(M) (and is thus a lambda node).

Proof. By inspecting the traversal rules, we observe that (Lam) is the only rule which can
visit a node in N,y U Ny U Ng. Hence t is not empty and ¢ is n’s parent in 7(M). O

Lemma 1.5. Suppose that M is -normal. Let t be a traversal of T(M) and n be a node
occurring int. Then the root ® does not hereditarily enable n if and only if n is hereditarily
enabled by some node in Ny,. Formally:

ng N «— neNV"

Proof. In a computation tree, the only nodes that do not have justification pointer are:
the root ®, @-nodes and Y-constant nodes. But since M is in G-normal form, there is
no @-node in the computation tree. Hence nodes are either hereditarily enabled by & or
hereditarily enabled by some node in Ny. Moreover ® is not in Ny, therefore the “or” is
exclusive: a node cannot be both hereditarily enabled by ® and by some node in Ny. O

Lemma 1.6 (The O-view is contained in a single thread). Let t € Trav(M).

(a) Ift =...-m-n where m € Ny UNyx UNgU Ly and n € N\U Ly, U Ly U La then m
and n are in the same thread in t: they are hereditarily justified by the same initial
occurrence (which is either T(M)’s root, a Y-constant or an @-node);

(b) All the nodes in Lt belong to the same thread.
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Proof. Clearly (b) follows immediately from (a) due to the way the O-view is computed.
We show (a) by induction on the last traversal rule used to form ¢. The results trivially hold
for the base cases (Empty) and (Root). Step case: Take t =t'-n. If n € N\UL,,,ULgU Lq
then we do not need to show (a). Otherwise n € Ny U Ly, U Ly U Lg. By O-visibility, n
points in L#'J, thus by the I.H., it must belong to the same thread as all the nodes in L'
and in particular to the thread of ¢"“. Therefore both (i) and (ii) hold. O

1.3.4. Traversal core

Occurrences of input-variable nodes correspond to point of the computation at which
the term interacts with its context. At these points, a traversal can be extended in a
non-deterministic way. In contrast, after a node that is hereditarily enabled by an @-node
or by a constant node, the next visited node is uniquely determined. We can therefore
think of such nodes as being “internal” to the computation: their semantics is predefined
and cannot be altered by the context in which the term appears. If we want to extract
the essence of the computation from a traversal, a natural way to proceed thus consists in
keeping only occurrences of nodes that are hereditarily enabled by the root:

Definition 1.15. The core of a traversal t, written t | ®, is defined as ¢t | V" (i.e.,
the subsequence of t consisting of the occurrences of nodes that are hereditarily enabled
by the root ® of the computation tree). The set of traversal cores of M is denoted by
Trav(M)!®:

Trav(M)'® &of {tT® : teTrav(M)} .

Example 1.6. The core of the traversal given in example 1.4 is:

t[)\fz:Afm.

REMARK 1.5

e The root occurs at most once in a traversal, therefore if ¢ is a non-empty traversal
then its core is given by t | r where r denotes the only occurrence of ® in ¢t. Thus
we have:

Trav(M)'® ={t [ r : t € Trav(M) and r is the only occurrence of ® in t} .

e Since @-nodes and Y-constants do not have pointers, the traversal cores contains
only nodes in V) U Vi,,.

1.8.5. Removing @-nodes and X-nodes from traversals

Application nodes are essential in the definition of computation trees: they are necessary
to connect together the operator and operands of an application. They also have another
advantage: they ensure that the lambda-nodes are all at even level in the computation
tree, which subsequently guarantees that traversals respect a certain form of alternation
between lambda nodes and non-lambda nodes. Application nodes are however redundant
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in the sense that they do not play any role in the computation of the term. In fact it will
be necessary to filter them out in order to establish the correspondence with interaction
game semantics.

Definition 1.16 (Q-free traversal). Let ¢ be a traversal of 7(M). We write t — @ for the
sequence of nodes-with-pointers obtained by

e removing from ¢ all occurrences of @-nodes and their children value-leaves;

e replacing any link pointing to an @-node by a link pointing to the immediate prede-
cessor of @ in ¢.

Suppose u =t — @ is a sequence of nodes obtained by applying the previously defined
transformation on the traversal ¢, then ¢ can be partially recovered from wu by reinserting
the @-nodes as follows. For each @-node in the computation tree with parent node denoted
by p, we perform the following operations:

1. replace every occurrence of the pattern p - n for some A\-node n, by p- @ - n;

2. replace any link in u starting from a A\-node and pointing to p by a link pointing to
the inserted @-node;

3. for each occurrence in u of a value-leaf v, pointing to p, insert the value-leaf va
immediately before v, and make it point to the immediate successor of p (which is
precisely the @-node inserted in step 1.).

We write u + @ for this second transformation.

These transformations are well-defined because in a traversal, an @-node is always
immediately preceded by its parent node n;, and immediately followed by its first child n,:

ni

Q@
s
U]

Example 1.7. Let f be a Y-constant and t = \¢ - @/\)\m Then

P @A

Example 1.8. Let ¢ be the traversal given in example 1.4, we have:

t—@:Afz~)\uv-u~>\yfyt\)vy-)vv-)vz .
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We also want to remove Y-nodes form the traversals. To that end we define the opera-
tion —> and +X in the exact same way as —@ and +@. Again these transformations are
well-defined since in a traversal, a >-node f is always immediately preceded by its parent
node p, and a value-node v, is always immediately preceded by a value-node vy.

Note that the operations —@Q and — are commutative: (t — Q) — ¥ = (¢t — ¥) — Q.

Lemma 1.7. For every non-empty traversal t =t - t* in Trav(M):
tv Zf t € V@ ;
v, iftv e Va ;

_ t? Zf t ¢ VE ;
“_D+Z_{ﬂ,UWEw.

Proof. The result follows immediately from the definition of the operation -@Q and +@
(resp. —% and +3 ). O

u—@+@:{

REMARK 1.6 Sequences of the form ¢ — @ (resp. t — X) are not, strictly speaking, proper
justified sequences of nodes since after removing @-nodes, all the prime A-nodes become
justified by their parent’s parent which are also A-nodes! Moreover, these sequences do not
respect alternation since two A-nodes may become adjacent after removing a @-node.

We write t* to denote the sequence obtained from ¢ by removing all the @-nodes as well
as the constant nodes together with their associated value-leaves:

i _a-x.
Example 1.9. Let f be a ¥-constant. We have
(-6 hr foare) = xE AT A
We introduce the set
Trav(M)* ={t* |t € Trav(M)} .

REMARK 1.7 If M is a (-normal term and if it contains no Y-constant (as for pure
simply-typed terms) then 7(M) does not contain any @-node or ¥-node, thus all nodes are
hereditarily enabled by ® and we have Trav(M) = Trav(M)'® = Trav(M)*.

Lemma 1.8. For every traversal t we have t* | V" =1t | ®.

Proof. This is because nodes removed by the operation _* are not hereditarily enabled by
the root of the tree. O
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The notion of P-view extends naturally to sequences of the form ¢*: it is defined by
the same induction as for P-views of traversals. It is then easy to check that if ¥ is not in
Lo U Ly, then the P-view of ¢* is obtained from "¢7 by keeping only the non @/>-nodes:

=Tt (VaUVy) . (1)
We define a projection operation for sequences of the form t* as follows:

Definition 1.17. Let t be a traversal such that t¥ ¢ Lq U Ly and 7y be an occurrence
of some lambda-node n. Then the projection t* | V™ is defined as the subsequence of t*
consisting of nodes of V(™ only. If a variable node loses its pointer in t* [ V™ then its
justifier is reassigned to the only occurrence of n in "¢,

Note that this operation is well-defined. Indeed if a variable x loses its pointer in
t* | V(™ then it means that z is free in M™ . But then n must occur in the path to the
root ® which is precisely "t<, . Thus by (1), n must occur in "t *.

1.3.6. Subterm projection (with respect to a node occurrence)

Let ng be a node-occurrence in a traversal t. The subterm projection t || ng is
defined as the subsequence of ¢ consisting of the occurrences whose P-view at that point
contain the node ng. Formally:

Definition 1.18. Let t € Trav(M) and ng be an occurrence in t. The subsequence ¢ || ng
of t is defined inductively on t as follows:

o (t-ng) I nog=mnp;

o If ne NyU Ly, ULy ULg and n # ngy then

| (I ng)-n, if n’s justifier appears in ¢ || ng ;
(t-n) 1o = { t I no, otherwise ;

o If n € N,y U Ny UNgU Ly and n # ng then

(I ng)-n, ift“'sappearsint [[ ng ;
(t-n) ['no = { t I no, otherwise ;

where in the first subcase, if n loses its justifier in ¢ || o then it is reassigned to 7.

We call this transformation the subterm projection with respect to a node occurrence
because it keeps only nodes that appear in the sub-tree rooted at some reference node. If
ng is an occurrence of a lambda node n € N, then we say that ¢t || ny a sub-traversal
of the computation tree 7(M). This name is suggestive of the forthcoming Proposition
1.5 stating that ¢ || ng is a traversal of the sub-computation tree of 7(M) rooted at n.

REMARK 1.8 There is an alternative way to define t || ro: For every traversal t we write
t* to denote the sequence-with-pointers obtained from ¢ by adding pointers as follows: For
every occurrence of a @ or ¥-node m in ¢t we add a pointer going from m to its predecessor
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in ¢ (which is necessarily an occurrence of its parent node). Further, for every variable node
x we add auxiliary pointers going to each lambda node occurring in the P-view at that
point after x’s binder. Conversely, for every sequence-with-pointers u we define v~ as the
sequence obtained from u by removing the links associated to @ and Y-nodes and where
for each occurrence of a variable node, only the “longest” link is preserved. (The length of
a link being defined as the distance between the source and the target occurrence.) Clearly
the operation _~ is the inverse of _*: For every traversal ¢ we have t = (¢7)~. Then it
can be easily shown that the sequence t || n is precisely the subsequence of ¢ consisting of
nodes hereditarily justified by n with respect to the justification pointers of t™:

tin=>"1n)" .

(Note that since the operation _* changes the justification pointers, the hereditary justi-
fication relation in a traversal ¢ is different from the hereditary justification relation in ¢+
and therefore we have (t [ n)™ C¢" [ nbut (¢ | n)* #¢* [ n.) End of remark.

The following lemmas follow directly from the definition of ¢ || r¢:

Lemma 1.9. Let t be a traversal and ro be an occurrence of a lambda node r' in t.

(a) Suppose thatt = .. ... nwithn € Ny\ULgU Ly, U Lya and n # ro. Then n appears
in t ] ro if and only if m appears in t || rq.

(b) Suppose thatt = ... -n where n € Nyoy U No U Ny U Ly. Then n appears in t || o if
and only if the last lambda node in "t does.

(c) Suppose that t = .. .. Uy with vy, € L= Ly U La U Ly U Lya,. Then v,, appears in
t I ro if and only if m does.

Proof. (a) holds by definition of ¢ || 79. (b) is proved by induction on ¢: It follows easily
from the fact that in the definition of t || rg, the inductive cases follow those from the
definition of traversal P-views. (c) If v,, € La U Ly U Ly, then it falls back to (a).
Otherwise v,, € Ly and by (b), v,, appears in ¢ || ¢ if and only if the last lambda node in
"t does. But the last node in "t is necessarily m (since v, is necessarily visited with a
copy-cat rule). O

Lemma 1.10. Let t € Trav(M) and ry be the occurrence in t of a A-node. We have:

2@t o) = 7(8) Mo -

Proof. Take a prefix u of ¢ ending with a value-leaf v, of an occurrence n. By Lemma
1.9(c), the operation _ || ry removes v, from ¢ if and only if it also removes n. O
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1.3.7. O-view and P-view of the subterm projection
P-view projection.

Lemma 1.11 (P-view Projection for traversals). Let t be a traversal and ro be an occur-
rence in t of a lambda node r' € Ny. Then:

(i) If t* appears int || ro then:

a. ro appears in "t all the nodes occurring after ro in "t appear in t [ ro and
all the nodes occurring before ro in "t do not appear in t || ro;

/
r AMOD M .
b. t”’f’o = t>r0—7’0'...,
. w . / I .
c. if t* also appears in t || r1 for some occurrence ry r’ then ro = ry;

d. if t=...mi...n and m does not appear in t || ro then ry occurs after m in t
and m is a free variable node in the sub-computation tree 7(M")).

(11) Suppose t = ...ro...nmi... . Then the node n appears in t || v if and only if m
does.

Proof. (i) A trivial induction shows both a. and b.(The inductive steps in the definition
of the projection operation _ || 7y correspond precisely to those from the definition of
P-views.)

c. By a., both ry and r; appears in the P-view. But the P-view is the path from ¥ to
the root, hence it cannot contain two different occurrences of the same node r’.

d. Since t¥ appears in t || 7o and its justifier m is not in t || 7o, by a., the justifier m
necessarily precedes 1y in ¢, and by Lemma 1.9, n is necessarily a variable node. Thus m
occurs before 7y in the P-view "¢, In other words, 7 lies in the path from n to its binder
m. Consequently, n is a free variable node in 7(M ).

(ii) The case n & Ny, is handled by Lemma 1.9(a) and (c).

Suppose that n € Ny, If n appears in t || ro then by (i) all the nodes occurring in "¢
up to ro appear in t [[ ro. By P-visibility, m appears in "¢ and since ry precedes it by
assumption, m also appears in t || ro. If m appears in t || ro then since m appears in the
P-view at x, by definition of ¢ || 7o, x must also appear in ¢ [ rg. O

Lemma 1.12. Let t € Trav(M) such that t* ¢ Ly. Let v’ be some lambda node in Ny.
The node t* belongs to the subtree of T(M) rooted at v (i.e., t* € V) ) if and only if
t appears in t || rq for some occurrence ro of ' in t.

Proof. Only if part: Since t’s last move in not a lambda leaf, by Proposition 1.1, the P-view
"t is the path to the root ®. Hence since t“ belongs to the subtree of 7(M) rooted at r’,
"t must contain (exactly) one occurrence ry of r’. But then by definition of ¢ || 7, all the
nodes following ry occurring in the P-view must also belong to ¢ || 79, so in particular, ¢
does.

If part: By Lemma 1.11(i), 7o must occur in "¢7 and therefore rq lies in the path from
t“ to the root ® of the computation tree 7(M). Consequently, t* necessarily belongs to
the subtree of 7(M) rooted at 7. O
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Lemma 1.13. Let t be a traversal and ro be an occurrence in t of some lambda node r’.
Then an occurrence n &€ Va U Vs, of t is hereditarily justified by ng in t* [ VU if and only
if n appears in t | ro.

Proof. We proceed by induction on t<,. If n = r or if 7y does not occur in ¢, then the

result holds trivially. Suppose that ry occurs in t.,. Let m be n’s justifier in . We do a

case analysis on n. The case n € La U Ly, U Ng U Ny is excluded by assumption.
Suppose n € Ly U Ly, U Ny then

n appears in t [[ rg <= m appears in t [[ ry by Lemma 1.9(a)

<= m her. just. by ng in t* [ V(") by I.H. on t<,,

<= n her. just. by ng in t* [ V") since m is n’s parent in 7(M "))
Suppose that n € N, then

n appears in t [ rg <= 1o appears in "t by Lemma 1.12 and 1.11(i)

{ ro precedes m in "t7, and thus n is a bound variable in M)

or ro appears strictly after m in "t7 and n is free in M)

{ m appears in t [[ ry by Lemma 1.11(i)

or n points to ro in t* | V) by def. of _ | V)
m her. just. by ng in t* | V) by I.H. on tg,,
g . C () =
or n points to ro in t* [V

{ n her. just. by ng in t* | V') nis in V) iff its binder m is

or n points to ro in t* [ V)

<= n is her. just. by ng in t* | V)

Lemma 1.14. Take a traversal t. Let r’ be a node in Ny and rq an occurrence of r’ in t.

Suppose that t appears in t || ro and that the thread of t* is initiated by o € Ng U Ny.
(i) If ro precedes o in t then all the nodes occurring in the thread appear in t || rq.
(ii) If a precedes ro in t then t is hereditarily enabled by v in (M),

Proof. (i) By definition of a thread, the nodes occurring in the thread are all hereditarily
justified by «. Since ry precedes o and t¥ appears in t || ro, by Lemma 1.11(ii) all the
nodes in the thread must also appear in ¢ || rg.

(ii) Let ¢ be the first node in ¢ that hereditarily justifies ¢ in ¢ and that appears in
t ” To-.

If ¢ € N, then necessarily ¢ = ry. Otherwise by definition of _ [| rg, ¢’s justifier also
appears in t || ro which contradicts the definition of ¢. Hence the result holds trivially.

If ¢ € NoU Ny, then necessarily ¢ = «, since links always point inside the current thread
and since a thread contains by definition only one node in Ng U Nx. But « precedes 7
therefore o cannot be hereditarily justified by ry hence this case is not possible.

If ¢ € Nyo then by Lemma 1.11(i.d), ¢ is an free variable in 7(M ")) and therefore
it is enabled by 7' in 7(M")). Hence since ¢ is hereditarily justified by ro, it must be
hereditarily enabled by / in 7(M"). O
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O-view projection. In this paragraph we will spend some time proving the following Propo-
sition:

Proposition 1.2 (O-view projection for traversals). Let t be a traversal of Trav(M) such
that its last node appears in t || rq for some occurrence rq int of a lambda node r' in Ny.
Then Lo [T ro E Lt ” Todpre!y -

One may recognize that this result bears resemblance with another non trivial result
of game semantics from the seminal paper by Hyland and Ong on full abstraction of PCF
[6]:

Proposition 1.3 (P-view projection in game semantics). [6, Prop.4.3] Let s be a legal
position of a game A — B. If s* is in B then "s A~ | BC Ts | B75.

Since such result is relatively hard to prove, it would be nice if we could just reuse
the above proposition to show our result. Unfortunately, the two settings are not exactly
analogues of each other so we cannot immediately deduce one proposition from the other.
Indeed, the proof of the previous proposition relies on several properties of a legal position
s [6]:

e (wl) Initial question to start: The first move played in s is an initial move and there
is no other occurrence of initial moves in the rest of s;

e (w2) Alternation: P-moves and O-moves alternate in s;

e (w3) Explicit justification: every move, except the first one, has a pointer to a
preceding move,

e (w4) Well-bracketing: The pending question is answered first;
e (wh) Visibility: s satisfies P-visibility and O-visibility.

Also, further assumptions are made on the legal positions of the game A — B:
e (w6) For every occurrence n in the position, n € A <= n ¢ B;

e (w7) Switching condition: The Proponent is the only player who can switch from
game A to B or from B to A.

e (w8) Justification in A — B: Suppose m justifies n in s. Then

— n € B implies m € B;
— if n is a non-initial move in A the n € A;

— if n is an initial move in A the n € B.
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Most of these requirements coincide with properties that we have already shown for traver-
sals. However traversals do not strictly satisfy explicit justification since there are some
nodes—the @-nodes and Y-nodes—that do not have justification pointers. The solution
to this problem is simple: we just add justification pointers to @-nodes and Y-nodes!

Take a justified sequence of nodes t. We define ext(t), the extension of t, to be the
sequence of nodes-with-pointers obtained from ¢ - ¢ (where ¢ is a dummy node) by adding
justification pointers going from occurrences of the root ®, @-nodes and Y-nodes to their
immediate predecessor in t.

Example 1.10. Let f € ¥. We have ext()\g-@/-\)\m) = Gﬂ@ﬁm

It is an immediate fact that for every two justified sequences t; and t, we have:
ext(tl) C eXt(tg) < t1 Cty (2)
and for every justified sequence t:

ext(t) I ro = ext(t [l ro) - (3)

Since a traversal extension ext(¢) may contain @/¥-nodes with pointers, it is not a
proper justified sequence of nodes as defined in Def. 1.6. Nevertheless, the basic trans-
formations that we have defined for justified sequences—such as hereditary projection,
P-view and O-view—apply naturally to traversal extensions (without any modification
in their definition). The views of a traversal extension can be expressed in term of the
traversal’s views as follows:

Lext(t)s =t (4)

Cext(t) = { © ift=c; (5)

o-ext("t7), otherwise.

The transformations "_" and L_J, however, do not convey the appropriate notion of
view for extended traversals. We define an alternative notion of view more appropriate to
traversal extensions, called O-e-view and P-e-view, as follows:

Definition 1.19. The O-e-view of a traversal extension ext(t), written, Lext(t) . is defined
as
Lext(t) Je &f Text(t)™ .

The P-e-view of ext(t), written, Lext(t)_e is defined by induction:

e —

€ €
"u-n"™ = "u®-n forn € Lyasy U Ly U La U Ny, ;
Cu-mi-... 0 = Tu®.ni-n forn € Ny ULyU Na U Ny
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Inserting a dummy node ¢ at the beginning of the traversal changes the parity of the
alternation between nodes in N, U Ly U Ng U Ny, and Ny U Ly, U Ly, U Lg. Thus the
role of O and P is interchanged for traversal extensions. This explains why the O-e-view
is calculated from the P-view.

For the P-e-view, the definition is almost the same as the traversal O-view L_J except
that the computation does not stop when reaching a node in Ng U Ny—this is sometimes
referred as the long O-view [7]. (The O-view contains only one thread whereas the long-
O-view may contain several; the O-view is a suffix of the long O-view.) This is possible
because occurrences of nodes from Ng U Ny, in a traversal extension all have a justification
pointer. The O-view of t is a suffix of its P-e-view:

Mt1® =w- Lty for some sequence w. (6)

We are now fully equipped to establish an analogy between the traversal extension
setting and the game-semantic setting. The reason why we make this analogy is purely
to reuse the proof of Proposition 1.3 [6, Prop. 4.3]. The reader must not confuse it with
another correspondence that we will establish in a forthcoming section, between plays
of game semantics and traversals of the computation tree. (In particular the colouring
of nodes used here in term of P-move/O-move is the opposite of the one used in the
Correspondence Theorem.) The following analogy is made:

Traversal setting | Game-semantic setting
Extended traversal ext(t) | Play s
Nodes in n € Ny U Ly U Ng U Ny U {o} | O-moves e
Nodes inn € Ny U Ly, U Ly, U Lg | P-moves o
P-view "ext(t)™® | P-view s
O-view Lext(t)se | O-view Ls_
Occurrence n appearing in t || 7o | Occurrence n € B
Occurrence n not appearing in ¢ [[ 7o | Occurrence n € A
No notion of initiality (All nodes | Distinction between initial and
are considered to be non-initial). | non-initial move.

Clearly sequences of the form ext(t) satisfy the requirements (wl) to (wb): For (wl),
the initial node becomes ¢. Explicit justification (w4) holds since we have added pointers
to @/¥-nodes. Finally, alternation (w3), well-bracketing (w4) and visibility (w5) of the
traversal ¢ (Prop. 1.1) are preserved by the extension operation (where visibility is defined
with respect to the appropriate notion of P-view and O-view).

The property (w6) trivially holds: n € ¢ || ro iff =(n € t || ro). So does the switching
condition (w7): if t = ...-m-n where n € Ny, UL\UNaUDNy, and m € NyU Ly, ULy U Lqg
then, by definition of ¢ || 7o, m appears in ¢ || ¢ if and only if n does. For (w8): Using the
analogy of the preceding table and since all nodes are considered “non-initial” in ext(t),
this condition can be stated as:

(w8) Suppose m justifies n in ext(t). Then n € t || rq if and only if m € ¢ || rq.
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Unfortunately, as we have seen previously, the direct implication does not hold in general!
(Indeed, a variable node can very well appear in ¢ [| 7o even though its justifier does not.)
Consequently, the proof of Proposition 1.3 cannot be directly reused in our setting. A
weaker version of condition (w8) holds however: if 7y occurs before n’s justifier then, by
Lemma 1.11(i), n appears in t [[ ro if and only if its justifier does; this condition turns out
to be sufficient to reuse most of the proof of Proposition 1.3 [6].

We reproduce here some definition used in this proof. Le‘}c/sie a position of the game

A — B. A bounded segment is a segment 8 of s of the form ©. .. o Ifzisin A, and hence
so does y, then # is an A-bounded segment. Respectively if  and y are in B then it is a
B-bounded segment. By an abuse of notation we define "6 | B to be the subsequence of
"s<, | B consisting only of moves in # appearing after (and not including) .

We then have:

Lemma 1.15. [6, Lemma A.3] Let 6 be an A-bounded segment in s with end-moves x and
Y.

o

(i) "0 | B = . % .. ."8 “e for somer > 0. Note that each segment p; . .. q; is B-bounded
in s, forl <i<r.

(it) For every P-move m in 6 which appears in Ls<,1, m does not belong to any of the
B-bounded segments p; ...q; for 1 <1 <.

This lemma assumes that the segment 6 satisfies the assumptions (wl) to (w8). As we
have seen, (w8) does not always hold for extended traversals. But using our analogy with
extended traversals, a segment 6 is “A-bounded” if # is bounded by two nodes appearing
in ¢ || ro. This can only happen if ry occurs before 6 in ¢ or if 8’s left bound is ro. Thus
the condition (w8) holds at least for the nodes of the segment §. The previous lemma thus
translates into:

Lemma 1.16. Let t be a traversal and 0 be a segment of ext(t) bounded by nodes x and y
appearing in t [ rg.

(1)) "0 1 1o = pr-Gr...p1- G for some r > 0 where p; € Ny U Lyo U Ly U Lg and
G € Nyar U Ly U Nqg U Ny, for1 < <.

(it) For every node m in NxU Lya ULy U La occurring in 0 and appearing in Lext(t) <, e,
m does not belong to any of the segments p;...q; for 1 <i <r.

We now show the analogue of Proposition 1.3 in the context of extended traversals:

Proposition 1.4. Let t be a traversal and ro be an occurrence of some lambda node r'. If
ext(t)’s last node appears int || ro then "ext(t)™® || 7o T "ext(t || 7o) .

Proof. By (3) we can equivalently show that: "ext(¢)™ [| ro C "ext(t) || 7o '®. By induction
on the length of t. The base case is immediate. For the inductive case, we do a case analysis:
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696 o t =1 -r5. We have ext(t) || 7o = 1o and "ext(t)™ || ro = ro = "ext(t) [ ro .

697 o t =1t -nwithn &€ NyU L,,, ULy U Lg where n is not the occurrence r.

698 There are two cases.

— Suppose that the last node in ¢ appears in ¢ [[ 9. Then by the I.LH. we have
Text(t') 7 [ ro C Text(t') || ro ' thus

Cext(t) ™ [ ro = "ext(t) ™ I ro-n (P-view for extended justified
sequences of nodes of M)

Cext(t) I ro™-n (induction hypothesis)

= Text(t) [l ro-n™® (P-view for extended justified

sequences of nodes of M), n belongs

to V") by Lemma 1.12)

=Text(t'-n) || ro ' (n occurs in t || 7o)
= Text(t) | 7o (definition of t).

— Suppose that the last node y; in ¢’ does not appear in ¢ [[ ro. Let m be the last
node preceding m in "ext(t) ™ that appears in t || ro. Then for some ¢ > 0 we
have

Text(t) 7 = Text(t)<m © - f@q xﬂi

all appear in t IIro-m
699 where the z;s are in N\ U Ly, U Ly U Lg and the y;s are in Ny, U Ny U Ng U L.
Therefore the sequence ext(t) must be of the following form:

ext(t)<m - Ty Yg =+ T1---Y1- M
N —_———
04 01

where each segment 6; is bounded by nodes appearing in ¢ || 7o. By Lemma
1.16, when computing the P-view of ext(t), pointers going from a segment 6 to
a node outside the segment are never followed! In other words:

Text(t) 1m0 = "ext(t)cm M 10" "0, Mrg ™ <o+ -TO [T 707 -m .
Hence:
Text(t) ™ [ ro ="ext(t)<m © [ 70 -1
C Text(t)<m 170 €1 (LH.)
C Text(t)gm 7o -0, [T ro™® -+ "0, [ ro - n
= Text(t) ] o (by the previous equation).
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e t=1t-ni-u-nwheren € N, UNsUNgU L,. We have m € N\ U Ly,, U Ly U La.

Suppose that rg appears in ¢’ - m, then since n appears in t || ro, by Lemma 1.11(i)
so does m. Thus we can apply the .LH. on ¢ - m

Text(t)™ || ro = Text() - mi-w -1, I o (definition of t)
= ("ext(t) mﬂ) T 7o (P-eview computation in M )

= Text(t' - m“m (n appears in t [ 7o)

C "(ext(t'-m)) [[ro™®-n (induction hypothesis on t’ m)

= Cext(t) [ ro-mi - n (m appears in t [[ ro)

= Text(t') [ ro-mi - (ext(u) || ro) -1 ® (P-eview in M), nodes in

m - (ext(u) [] 7o) - n are all in

4%

= (ext(t') - mm) M ro® (m and n both appear in ¢ [| rq)

=Text(t) [[ ro (definition of t).

Suppose that rg appears in u then:

Cext(t) ™ Il ro = Text(t' - mi)© | 7o - h

=n (ro occurs after m)
C (ext(t' - ni)) Il 70 -7
= '—ext(t) MTre'e . O

We can now prove Proposition 1.2:

Proof of Proposition 1.2. We have:

Lta [ ro = cext(t)a || ro by (4)
C Fext(t)™ [ 7o by (6)
C Text(t |] o) by Proposition 1.4
=w-vLext(t || o) for some w, by (6)
=w- .t [ roy by (4).

Thus cta [ 1o & w - Lt | 7ou. But by definition of the operator _ [, both Lt [[ 7o and
Lt | oo start with the occurrence ro, we thus have Lt [ 7o E Lt [ roa. O

Example 1.11. Take ¢ : 2.e : 0o F o(Ax.(Ab.p(A2.(Ay.v(Az.2)) (p(Ax".2")))) (Auw.ue)).
The computation tree is represented below together with an example of traversal ¢:
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Example 1.12. Take the term-in-context:
e:ob (Afg.f(Ab.f(NV.b)(\d'.d'e))(Aa.ae))(Azy.y(Ah.z(he))e)e .

Take the traversal:

t=X@ Nfg f ey raa N b f ey yha o Nz N b Ak

77 then we have the following relations:

A
|
N iy
Mg A}A to=@ Mg f Ary y Aaa N h

/\k‘\k\

/f\ P Lt o = Mg f A
R T
\ tlhro=AgfAxaalbfadad b

708 \ ‘

Fooa P N
W Dok | Ct T ros=Afg fAaaAbb .
R A
SRR

Lo
(& e

w0 1.3.8. Subterm projections are sub-traversals

710 We now show an important result that relies on all the lemmas and propositions from

m  the previous two sections:
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Proposition 1.5 (Subterm projections are sub-traversals). Let t € Trav(M). For every
occurrence ro in t of some lambda node v' € Ny we have t [ ro € Trav(M)).

Proof. We proceed by induction on the traversal rules. The base cases (Empty) and (Root)
are trivial. Step case: Take a traversal t € Trav(M) and suppose that the result holds for
every traversal shorter than .

Suppose that t“ does not appear in t [[ ry then the result follows by applying the
induction hypothesis on the immediate prefix of t. Suppose that t“ appears in t || o then
we do a case analysis on the last traversal rule used to form t:

e (Lam) We have t = ¢ - n with ¢ = ... - A{. By the induction hypothesis, ' || ro €
Trav(M)),

Since n is a variable node appearing in t [ ro, by definition of t || r¢ its immediate
predecessor A§ must occur in ¢ || ry and therefore must be the last occurrence in t' || ry.
Thus we can use the rule (Lam) in 7(M{") to produce the traversal u = (¢’ || o) - n of
M,

We have t || 7o = (¢’ || ro) - m, but in order to state that u = ¢ [ 7o it remains to prove that
n has the same link in ¢ || 7y and in w.

Suppose n € Ng U Ny, then n has no justifier in both v and ¢ || ro. Otherwise n € N,,,.
Let m, denote the occurrence in t of n’s justifier in u, m; for the occurrence in t of n’s
justifier in ¢, and m for the occurrence in ¢ of n’s justifier in ¢ || rq. We want to show that
m,, = m. By the rule (Var), m, is defined as the only occurrence of n’s enabler in "' ||
and m; is the only occurrence of n’s enabler in "t'™.

If rg occurs before m; then by Lemma 1.11(ii), m; appears in t || ro thus by definition of
_ | we have m = m,;. Moreover, since m; appears in t || rg, it must appear after rq by
Lemma 1.11(i.a), thus since it is in the P-view at #', it must be in "¢, which is equal to
“t" I 7o' by Lemma 1.11(i.b). Hence we necessarily have m, = m; (since 1’ occurs only
once in the P-view "t' || 7o 7).

If ry occurs after m; then m; does not appear in t || ro thus m = ry by definition of _ [[.
Moreover by Lemma 1.11(i), n’s binder occurs in the path from 7" to the root ®. Thus n
is a free variable in 7(M ")) and consequently the only enabler of n occurring in "¢ [} 747
is necessarily rg: m, = rg.

This proves the equality ¢ || ro = u and thus ¢ || 7 is a valid traversal of M),

e (App) t = ...-A\{-@ - n. Since n appears in t || 79, so does @ (by definition of
t I 79). Hence @ is the last occurrence in t' || 7. By the induction hypothesis, ¢’ || 7o
is a traversal of 7(M(")) therefore we can use the rule (App) in 7(M ")) to produce the
traversal (¢ [[ ro) -n =1 | ro of M(T")g

o (Value®~*) Take t =t/ - \E - @ﬂ@ “ Vg
The occurrence v,g appears ¢ [[ ro therefore since 7 is not a lambda node, its justifier A&

also appears in t || . Moreover since @ and vg are hereditarily justified by A, they must
also appear in t || 7q.

By the induction hypothesis ¢’ [[ rg is a traversal of 7(M (’"/)) therefore since the occurrence
M\, @, va, vyg all appear in ¢ || 7o we can use the rule (Value®*) in M) to form the

traversal (¢’ [ o) -n =t [[ ro of M.
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o (Value @) Take t =t - @- )\ﬂ)\g ‘Va@. Again, since vq appears in t || 79, nec-
essarily the occurrences @, Az, v); and ve must all appear in ¢ || ro. Hence using the
induction hypothesis and the rule (Value®~®) in M (") we obtain that ¢ || 7 is a traversal
of M. 1

o (Value™™*) Take t =t - \E- a7, . b, - U,g- Since vyg is in ¢ [[ 7, so must be x, v, and
AE, by definition of ¢ || 79. Hence we can use the I.H. to form the traversal ¢ [ ro of M.

e (InputValue) Take t = t; x@x for some v € D where z is the pending node in
ty - -ty and o € N . Since v, appears in t || rg, so does x hence by Lemma 1.10, z is
also the pending node in (t; - z - t5) || 7o. Furthermore since M) is a subterm of M, z is
necessarily an input-variable node in 7(M")). Hence we can conclude using the I.H. and
the rule (InputValue).

e (InputVar) Take t = t' - n where n € N, points to an occurrence of its parent node
y € N& in Lt By Lemma 1.9(a), y must also appear in ¢ || 7, therefore y also occurs in
Lt [T roa E cta [T 7. Hence we can conclude using the rule (InputVar) in M ),

o (Var) Take t =t'- - AT ... % - Nj; for some variable z; in NEEIf A7 is the occur-
rence ro then the traversal ¢ || 7o = ro can be formed using the rule (Root).

Suppose that A\7j; is not the occurrence ro. Then both A7; and its justifier p must appear
in t || ro. The nodes AT and z;, however, do not necessarily appear in t || 7.
Consider the node @ that initiates the thread of A\n;.

— Suppose that rg precedes @ in t then by Lemma 1.14(i), the nodes A7;, p, AT and
x; as well as @ all appear in ¢ [[ 7. Moreover since @Q appear in t [[ g, it must be
an occurrence of an application node that appear in the subtree rooted at r’ thus
@ € NI'". Hence we can use the use the rule (Var) in M) to form the traversal
t I 7o of M,

— Suppose that @ precedes 7 in t then by Lemma 1.14(ii), p is necessarily an input
variable node in 7(M). We have p € Lty || 7o T ot || 790 by Proposition 1.2.
Furthermore we can easily check (by alternation and using the fact that if an occur-
rence in Ny U Ly, U Lg U Ly, U No U Ny, appears in t || o then so does its immediate
successor) that the penultimate node in ¢ || rq is necessarily in N, U Ly. Hence we
can make use of the rule (InputVar) in M) (in its alternative form) to produce the
traversal ¢ || ro of M. )

A—var / iv\ : : @t~ :

e (Value ) Take t =t -+ A{... vy - v, for some variable y in Ny, . The proof is
similar to the previous case using the rule (InputValue) instead of (InputVar) in the second
subcase.

e (X)/(X-var) The proof is similar to the case (App) and (Var).

e (X-Value) The proof is similar to the case (Value*"). O

The following Lemma will be useful to prove the Correspondence Theorem:
Lemma 1.17. Let t be a traversal and ro be an occurrence of a lambda node . We have

M) =t TV g .
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Proof. By the previous Lemma, ¢ || o is indeed a traversal (of 7(M ")) thus the expression
“(t II m0)*” is well-defined. We show the result by induction on ¢: It is true for the empty
traversal. Take t =t - n.

If n belongs to Va U Vs then

() [T mo)* = (¢ [ mo)* - {

n, if n appears in ¢ [ no;

€, otherwise.

n, if nis her. just. by ng in t* [ V),
€, otherwise.

and (' -n)* TV T ng= " 1 V")) [ ng {

Since t* ¢ VaUVs, by Lemma 1.13 we have that n is hereditarily justified by ng in ¢+ [ V)
if and only if n appears in t || ng. Hence we can conclude using the I.LH. on ¢'.
If n does not belong to Vo U Vs then

((t"-n) T no)* = (¢ [l no)*
=" TV)) I ng by the I.H. on ¢’
= (" n)* TV") I'no O
Consequently, by Lemma 1.7, if t“ € Vo U Vi then t [[ rg = (¢ [ ro) + X + Q.

1.3.9. O-view and P-view projection with respect to root
Lemma 1.18 (O-view projection with respect to the root). Let t be a non-empty traversal
of M and r denote the only occurrence of T(M)’s root in t. If t* appears in t | r then:

Lt [ro=ctar=cty.

Proof. Tt follows immediately from the fact that, by Lemma 1.6, all the occurrences in t_
belong to the same thread and therefore are all hereditarily justified by r. O

Lemma 1.19 (P-view projection with respect to the root). Let t be a non-empty traversal
of M and r denote the only occurrence of T(M)’s root in t. If t* appears in t | r then:

ST

Proof. We just sketch the proof. We proceed exactly in the same way as for the proof
of Proposition 1.2. Again we establish an analogy between traversals and plays of game
semantics:

Traversal setting | Game-semantic setting
Traversal ¢t | Play s
Nodesinn € Ny U Ly, U Ls U Lg | O-moves e
Nodes in n € Ny U Ly U Ng U Ny U {¢} | P-moves o
P-view "t | P-view s
O-view Lty | O-view Ls_
Occurrence n her. just. by r in ¢ | Occurrence n € B
Occurrence n not her. just. by 7 in ¢t | Occurrence n € A
No notion of initiality (all nodes | Distinction between initial and
are considered to be non-initial). | non-initial move.
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Clearly the conditions (wl) to (w8) hold. Hence we can reuse Proposition 4.3 form [6]
which gives the desired result. O

The previous result gives us only an inequality. In the particular case where interpreted
constants are well-behaved, however, and if we consider the subsequence of a traversal
consisting of unanswered nodes only, then we obtain an equality:

Lemma 1.20. Suppose that M is in [3-normal form and all the Y-constants are well-
behaved. Let t be a non-empty traversal of M and r denote the only occurrence in t of
T(M)’s root.

(a) If t’s last occurrence is not a leaf then "t7 [ r="72(t) [r7="20 [ r)"=2("t [ r7);
(b) Ift’s last occurrence is not a leaf and is hereditarily justified by r then "t [ r ="t [ 1

Proof. (a) It is easy to show that ?(¢) [ » = ?(¢ | r). This implies the second equality.
The third equality can be shown by an easy induction and by observing that in a traversal
core, variable occurrences are always immediately preceded by a lambda node (and not by
a leaf). We show the first equality by induction. The base case t = € is trivial. Consider
a traversal ¢t and suppose that the property is satisfied for all traversals shorter than t.
Observe that since t contains at most a single occurrence r of the root ®, an occurrence n
in ¢ is hereditarily justified by r if and only if the corresponding node in 7(M) is hereditarily
enabled by ®. Thus ¢t [ r =t [ N® . We do a case analysis on t’s last node:

e t“ € Nq. This case does not happen since M is -normal.

e t =t -n with n € N, U Ny then t* is not a leaf (otherwise n would also be a leaf
by rule (Value)) thus we can use the [.LH. on ¢ which, by an easy calculation, gives
the desired equality.

Suppose that t“ is a lambda node. There are three subcases:

o t* € N{". Since the term is in B-normal form, there is no @-node in 7(M) so the
rules (App) and (Var) are unused, hence this case does not happen.

o ¥ € NiVEF. We have t = ' -mi-u-h with n € NivzF and m € Ny U Ns.. The
occurrence n is necessarily visited with a (X)-rule. Since, by assumption, these rules
are well-behaved we have 7(u) = e. Hence:

Ve ="t miu-nl | r (def. of t)
=("t7-m-n)|r (P-view computation)
=" r (m,n & N®")

=2 [T (induction hypothesis)
2t mi ) [ (m,n & N®)
2 mhun) | T (?(u) =¢)

=2(t) [ r (since u = €).
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o (“e N ?F. If ¢ = r then the result holds trivially. Otherwise t =t - i - u - h for some
n e N f‘)k. An easy calculation using the induction hypothesis on ' - m shows the
desired equality.

(b) If ¢’s last occurrence is hereditarily justified by r then the last occurrence of ¢ [ r
is precisely the last occurrence of t and is therefore not a leaf. In a traversal core, variable
nodes are immediately preceded by lambda nodes thus since the last node in ¢ | r is not
a leaf, an easy induction shows that all the nodes in "¢ [ r! are not leaves. Consequently
Tt )y =" O

The hypothesis that the term is beta-normal is crucial in this Lemma. Take for instance
the term Az° £ (\y°.f y)x. A possible traversal is

T

t=Mrf-@-Ay-f-Ny-Nw .

But "t [ r = Axf - x is only a strict subsequence of "t [ r'=Xxf - f-A- 2.

2. Game semantics correspondence

We work in the general setting of an applied simply-typed lambda calculus with a given
set of higher-order constants ¥. The operational semantics of these constants is given by
certain reduction rules. We assume that a fully abstract model of the calculus is provided
by means of a category of well-bracketed games. For instance, if 3 consists of the PCF
constants then we work in the category of games and innocent well-bracketed strategies
6, 8]. A strategy is commonly defined in the literature as a set of plays closed by even-
length prefixing. For our purpose, however, it is more convenient to represent strategies
using prefiz-closed set of plays. This will spare us some considerations on the parity of
traversal length when showing the correspondence between traversals and game semantics.
For the rest of the section we fix a simply-typed term I' = M : T'. We write [I' = M : T for
its strategy denotation (in the standard cartesian closed category of games and innocent
strategies [8, 6]). We use the notation Pref(S) to denote the prefix-closure of the set S.

2.1. Revealed game semantics

In standard game semantics, terms are denoted by strategies that are computed induc-
tively on the structure of the term: calculating the denotation of a term boils down to
performing the composition of strategies denoting some of its subterms. Strategy compo-
sition is the CSP-like “composition + hiding” operation where all the internal moves are
hidden.

It is possible to use an alternative notion of composition where the internal moves
are not hidden. Game model based on such notion of composition have appeared in the
literature under the name revealed semantics 9] and interaction semantics [10]. In such
game models, the denotation is computed inductively on the syntax of the term as in the
standard game semantics, but certain internal moves may be uncovered after composition.
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There is not just one revealed semantics as one may desire to hide/uncover different internal
moves. Such semantics will help to establish a correspondence between the game semantics
of a term and the traversals of its computation tree.

This section presents a general setting in which revealed semantics can be defined. At
the end of the section we will provide an example of such an revealed semantics that is
calculated inductively on the syntax of the n-long normal form of the term.

2.1.1. Revealed strategies
Definition 2.1. We consider ordered trees whose leaves are labelled with PCF simple
types and inner nodes are labelled with symbols in {;, (-, ), A} where ;> and ‘(_,_)" are
of arity 2 and ‘A’ is of arity one. We write (T}, T3) for the tree obtained by attaching T
and T, to a (_, _)-node, and similarly we use the notations T7; 7Ty and A(77).

The set of interaction type trees, or just interaction types, is defined inductively
as follows:

o Leaf: If T is a leaf annotated by a type A then T is an interaction type, and we
define type(T) to be A;

e Currying: If T'is an interaction type with type(T) = A x B — C then A(T) is also
an interaction type and type(A(T)) = A — (B — C);

e Pairing: If T1 and T, are interaction types with type(Ty) = C' — A and type(Ts) =
C' — B then (T3,T5) is also an interaction type and type((T1,T3)) = C — A X B
(Pairing generalizes straightforwardly to a p-tuple operator (¥i,...,%,) for p > 2,
in which case the tree has p child subtrees.);

e Composition: If T} and Ty are interaction types with type(T7y) = A — B and
type(Ty) = B — C then Ti; T is also an interaction type and type(T1;T) = A — C.

We call type(T) the underlying type (or just type) of the interaction type 7. We some-
times write T to indicate that type(T) = A.

Let T be an interaction type tree. Each node of type A in T can be mapped to the
(standard) game [A]. By taking the image of T" across this mapping we obtain a tree whose
leaves and nodes are labelled by games. This tree, written (7)), is called an interaction
game. A revealed strategy > on the interaction game ((7") is a compositions of several
standard strategies in which certain internal moves are not hidden. Formally:

Definition 2.2. A revealed strategy ¥ on an interaction game ((T')), written X : (7)),
is an annotated interaction type tree T" where

e cach leaf [A] of T is annotated with a (standard) strategy o on the game [A];

e cach ;-node is annotated with two sets of indices S, P C N called respectively the
superficial and profound uncovering indices.
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The intuition behind this definition is that if a ;-node has children ¥; : (A — B)) and
Yy ¢ (B — (') then the two sets of indices S, P indicate which components of B should be
uncovered when performing composition. The set .S indicates which superfictal internal
moves (i.e., those that are created by the top-level composition between ¥; and ¥5) to
uncover; whereas the set P indicates the profound internal moves (i.e., those that are
already present in the revealed strategies >; and ) to uncover. This notion of uncovering
is made concrete in the next paragraph where we define revealed strategies by means of
uncovered positions.

Example 2.1. The diagrams below represent an interaction type tree T' (left), the corre-
sponding interaction game (7)) (middle) and a revealed strategy > (right):

. . -{0},{0}
N\ / N\
;/ O\—>D ;/[[C—>D]] D0 (C — D)
VRN / N\ N
A—-B B-—C [A— B] [B—C] (A— B)™ (B — ()

For convenience, a revealed strategy will be written as an expression in infix form: for
instance the strategy of the example above is written ¥ = (o;2% gy {00} 5y

A revealed strategy induces a strategy in the usual sense: the standard strategy o : A
induced by a reveled strategy ¥ : T is obtained by replacing each occurrence of the
operator ;5P for some S, P by %" (also abbreviated ‘;’) in the expression of ¥.. For

instance the strategy ¥ from the example above induces the strategy (o1;09);03 : A — D.

2.1.2. Uncovered play

The analogue of a play in the revealed semantics is called an uncovered play or uncovered
position; it is a play whose moves are interleaved with internal moves. Each move in such
a play may belong to multiple games from different nodes of the interaction game; they
are thus implicitly tagged so that one can retrieve the components of the node-games to
which the move belongs.

Definition 2.3. The set of possible moves My of an interaction game (7)) is defined as
M /~7, the quotient of the set Mt by the equivalence relation ~7C M7 X M defined as
follows: For a single leaf tree 7" labelled by a type A we define My = My and ~p=idy;,;

38



920

921

922

923

924

925

926

927

928

929

930

931

932

933

934

935

936

937

938

939

940

941

942

943

for other cases:

Mpraxs—cy = Mr+ Ma_.p_.c
~aqaxs—cy = (v U((AX B —C) « (A— (B—C))))"

Mper-at gez-pzy = Mz, + M, + Mo axp)
N(Tlclﬂf“l TQCZHBQ) = (NTl U ~Ty U(Cl — C) U (02 e C) U (Al g A) U (32 e B))

Mypa—s.pp-c = Mrp + Mg, + Ma_c
NTlAlHBl;T2BQ*,02 - (NTl U ’\’T‘2 U(Al nd A) U (Bl e B2) U (C e C2>)

where A < B denotes the canonical bijection between M, and Mpg for two isomorphic
games A and B; and R~ denotes the smallest equivalence relation containing R.

It is easy to check that for every sub-type tree 17" of T', the equivalence classes of M7
are subsets of equivalence classes of Mp. Thus M7 can be viewed as a subset of M.

We call internal mowve of the game ((T')), any ~-class from My that does not contain
any move from My,.r). We denote the set of all internal moves by Mfip“t. The complement
of MM in My, called the set of external mowves, is denoted by ME. For every subgame

A occurring in some node of the interaction game 7', we write MYy (resp. MgY) for the

subset of moves of M} (resp. M$*) consisting of ~-classes containing some move in M 4.

A justified interaction sequence of moves on the interaction game ((77)) is a sequence
of moves from M7 together with pointers where each move in the sequence except the first
one has a link attached to it pointing to some preceding move in the sequence. We write
Jr to denote the set of justified interaction sequences over (T7).

Definition 2.4 (Projection). Let s € Jp for some interaction game 7. We define the
following projection operations:

(a) Let M’ be a subset of My. The projection s | M’ is defined as the subsequence of s
consisting of ~-equivalence classes from M’;

(b) Let A be a sub-game of [type(T)]. We define the projection operator s [ A to be the

subsequence of s consisting of the ~-classes that contain some move in M 4. Formally

sTAY s {[m] |m € M} where [m] denotes the ~-equivalence class of m.

(¢) Let m be a [type(T)]-initial move occurring in s. We define s | m as the subsequence
of s consisting of moves that are hereditarily justified by that occurrence of m in

s | [type(T)].

(d) Let 7" be an immediate subtree of T'. The projection s | 1" is defined as follows:
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(i) the sequence s | T" viewed as a sequence of moves without pointers is defined as
s [ My (i.e., the subsequence of s consisting of the ~-equivalence classes that
contain some equivalence class of My; see (a));

(ii) the justification pointers of s | T" are those of s except that if an element m
loses its pointer (i.e., if its justifier does not appear in s [ 7”) then its justifier
is redefined as the only occurrence of an initial [type(T”)]-move in "s [ My |

[type(T")]™ (¢f. (a) and (Db)).

(e) Let T" be a non-immediate subtree of 7. We define the projection s [ 7" as (... (s |
TOY [ ... T | T* where T°, ..., T* is the uniquely defined sequence of subtrees
of T satisfying T'= T°, T" = T* and such that for every 1 <[ < k, T' is an immediate
subtree of 7'

(f) Let 7" be some subtree of T"and A be a sub-game of [type(7”)]. Then we write s [ A
for s [T | A.

By extension, we also define these operations on sets of justified interaction sequences.

We now characterize revealed strategies by means of sets of justified sequences of moves
called uncovered positions or uncovered plays. This set is calculated by a bottom-up com-
putation on the strategy tree. At each ;-node, we apply the composition operation of
game semantics. In accordance with standard game semantics, justification pointers are
adjusted when composing two interaction strategies ¥, : T2~% and ¥, : T2~ if an initial
A-move a is justified by an initial B-move itself justified by an initial C-move ¢ then a’s
justifier is set to ¢ (see definition of the projection _ [ A, C [11]). This guarantees that
for every interaction position u of ¥;; X, the subsequence consisting of moves in A and C'
only—filtering out B-moves as well as the internal moves coming from compositions taking
place at deeper level in the revealed semantics—is a valid position of the standard strategy
underlying 3;; ¥,.. In contrast with the standard game semantics, however, not all internal
moves are hidden during composition.

Definition 2.5. A revealed strategy ¥ (defined by means of an annotated type tree) is
characterized by its set of uncovered positions defined inductively as follows:

- Leaf labelled with type A and annotated by the strategy o: The set of positions of the
revealed strategy is precisely the set of positions of the standard strategy o.

- Currying: Let ¥ : (T')).
AX) ={u€ Jar) | p(u) € X},
where p denotes the canonical bijection from My to Mry.
- Pairing: Let ¥y : (T1)) and Xy : (T3)).
(X1,%0) ={vedrmn | WlTheXiA ulT,=c¢)
V (ulTy=eNulTyeX)} .
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- Uncovered composition: Let X1 : (T1)) and g : (T3)) where type(Ty) = A — By x...x B,
and type(Ty) = By X ... x By — C.

21||22:{U€JT1;T2 ‘ u rTQ 622
A for all occurrence b in u of an initial [type(17)]-
move, u [ T7 [ b € X4
A for every initial A-move a justified in u [ T} by
b € B;, itself justified by ¢ € C in u | T3, we
have that m is justified by ¢ in u. } .

- Partially covered composition: Let ¥y : (T1)) and Yo : (T3) where type(Ty) = A —
By x ... x By and type(Ty) = By x ... x B, — C.

31 5 8y = {hide(u, {0..1} \ S, {0.1}\ P) | u € ¥1||%}
where hide(u, S, P) =u [ (M7 \ H(S, P))
H(S, Py =] Mgt uMgly U () M, 0 ME,

j
jES N jeP g -
superficial Bj-moves profound Bj-moves

Observe that in particular ¥;||Xy = X;{0-h{0-4 ¥,

In words, the uncovered composition of ¥1|| 3y is the set of uncovered plays obtained
by performing the usual composition of the standard strategies underlying ¥, and Y5 while
preserving the internal moves already in 3; and Y5 as well as the internal movea produced
by the composition.

On the other hand, given a product game B = By X ... X By, the partially covered
composition ¥1;%7 3, keeps only the superficial internal moves from the component By, for
k € S as well as the profound internal moves from the component By for k € P.

As expected, this notion of set of uncovered positions is coherent with the usual notion
of positions of a standard strategy:

Lemma 2.1. Let X2 : T be a revealed strategy inducing the standard strategy o : [type(T)].
Then for allu € 3, u | [type(T)] € o.

Proof. The proof is by induction on the structure of ¥. It follows from the fact that the
operations on revealed strategies from Def. 2.5 are defined identically to their counterparts
in the standard game semantics. O

2.1.8. Fully-revealed and syntactically-revealed semantics

We call revealed semantics any game model of a language in which a term is denoted
by some revealed strategy as defined in the previous section. As we have already observed,
depending on the internal moves that we wish to hide, we obtain different possible revealed
strategies for a given term. Thus there is not a unique way to define a revealed semantics.
In this section we give two examples of such semantics.

Let 7; denote the i*" projection strategy m; : [X; x ... x X;] — [X;].
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Definition 2.6 (The fully-revealed semantics). The fully-revealed game denotation
of M written (I'F M : A)) is defined by structural induction on the n-long normal form
of M

) = ['Fa:o] whereaeT' UX,
(DFXEM:A) = A EF M : o)
(TFa;Ny...Nyo) = (m, (TENy A, ., (DF N, - A))|ler”,  Xi= A
(TEfN...Nyzo) = ((TEN A, .., (TEN AN | If], f:AeX
(TFENy...Ny:0) = ((T'FNo:Ag),...,(TFN,: A)) || ev?

where I' =21 : Xy ...2;: Xj, Ag = (44,..., Ay, 0) and ev? denotes the evaluation strategy
with p parameters where p > 1.

Fig. 1 shows tree representations of the interaction games involved in the revealed
strategy (I' = M : A)) for the two application cases. These trees give us information about
the constituent strategies involved in ((M)). For instance the revealed strategy ((Np)) is
defined on the interaction game (7°°)) whose root game is A — By, and the strategy ev
is defined on the interaction game (7)) whose underlying tree is constituted of a single
game-node By X ... X B, — o.

Example 2.2. Take the term Az.(Af.fz)(Ay.y). Its fully-revealed denotation is
A({Jr: X FAf.fz:(o—0) —o],[r: X F Ayy:o— o])|ev?) .

Note that the set of fully-revealed strategies does not give rise to a category because
strategy composition is not associative and there is no identity interaction strategy.

Definition 2.7 (Syntactically-revealed semantics). The syntactically-revealed game
denotation of M written (I' = M : A))_ is defined by structural induction on the n-long
normal form of M. The equations are the same as in Def. 2.6 except for the third case:

I'Fa;Ny...N,:o0 = (m, (N Ay,....,('EN,: A ;m’{l“p}ev‘”, X, =A .
<< P s s p P/ls

The syntactically-revealed denotation differs from the fully-revealed one in that only
certain internal moves are preserved during composition: when computing the denotation
of an application (joint by an @-node) in the computation tree, all the internal moves are
preserved. However when computing the denotation of ((y;[Vy ... Np)), for some variable
y;, we only preserve the internal moves of Ny, ..., NN, while omitting the internal moves
produced by the copy-cat projection strategy denoting ;.

2.1.4. Relating the two revealed denotations

As one would expect, the two revealed denotations that we have just introduced are in
fact equivalent. We now show how ((I' = M : A)) can be obtained from (I' = M : A))_ and
conversely.
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(NoNy...N,:0) : T[A — o]

/ \
({(NoY, ..., {N)) : T°l[A — By x ... x B,] ev:T'Byx...x B, — o]

P

/
{(No)) : T[A — By (Np)) : T%[A — B

Tree-representation of the revealed strategy (I' = NoNy... N, : o).

{(x;N1...Ny:o0) : TIA — o

(Np) - T[A — By

A

Tree-representation of the revealed strategy (T : X & x;Ny... N, : o).

A node label ‘II : T[G] indicates that II is a revealed strategy on the interaction game T whose
top-level game (at the root of the tree underlying T') is G. Each game is annotated with a string
s € {0..p}* in the exponent to indicate the path from the root to the corresponding node in the
tree. (The digits in s tell the direction to take at each branch of the tree.)

The games A and B are given by:

A = Xix...xX,
B = ((Byx...xB,)—=0)xB;x...xBp .

By

Figure 1: Tree-representation of the revealed strategy in the application case.
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Fully-uncovered composition versus partially-uncovered composition. In this paragraph we
relate the fully-uncovered composition ‘||” with the partially-uncovered composition «0.{1.p}>
used in the definition of the syntactically-revealed semantics. Take a term M = z;N; ... N,.

Its revealed denotation is given by (I' = M : o)), = X%} ey where Sy = (m;, (T = Ny - By)), ..., (T F N
We use the notations introduced in Fig. 1: the composition takes place on the game

X | Bo !
Xy (B X .. x BY) = ") ... x X, =1 (By X ... x Bl) = 0')XBy X ... x By %

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

1023 where the dashed-line frame contains the internal components of the game.
In 3 ||ev, all the internal moves from By, for k € {0..p} are preserved, whereas in (M),
the internal By-moves as well as the superficial internal By-moves for k& € {1..p} are hidden.
By definition of the composition operator %P} the set (I' = M : o)), is obtained from
Ys|lev by eliminating the internal B-moves appropriately:

(T'F M : o), = 2,207 ey = {hide(u, 0, {1..p}) | u € Xy|lev} .

1024 We now show that conversely, there exists a transformation mapping the set (I' = M : o)) ]
s t0 Xgl|ev. More precisely we show that for every u € (I' = M : 0)),, there is a unique play v
w6 of 3g]lev ending with an external move such that eliminating the superficial internal moves
w2 from it gives us back w.
1028 Let us look at the structure of an interaction play of ¥|lev. The state-diagram in Fig. 2
0 describes precisely the flow of an interaction play. A node of the diagram indicates the
00 last move that was played. Its label is of the form ‘A, o’ where A is the game in which the
o move was played, and a € { e, o, o, ¢} specifies the player that made the move. We use
02 the symbols o, o, e, o for OP-move, PO-move, O-move and P-move respectively. We use
03 the notation ‘X;.B}” to denote the sub-component By of the game Xj.
1034 An edge from node S to node S in the diagram indicates that the move S5 can be
s played if S was the last moved played. It is labelled by the name of the strategy that is
3% responsible of making the move or by ‘Env.” to denote a move played by the environment
w7 (i.e., the opponent in the overall game [I' — o]). For instance the edge By, o — By, ©
w3 tells us that if By, o is the last move played then the evaluation strategy can respond with
103 the move By, o. The game starts at node C, e which corresponds to the initial move of
w0 the overall game. The dashed-edges correspond to moves played by the copy-cat strategies
1041 TM; and ev.
1042 We observe that every (superficial) internal move played in some component B for
ik € {0..p} is either a copy of a previous external move, or it is subsequently copied to a
4 external component by the copy-cat strategy ev or m;: e-moves from By are copies by ev
s of O-moves from C' and o-moves from By, k € {1..p}; o-moves from By are copies by m;
ws  of O-moves from X;; e-moves from By, k € {1..p} are copies by ev of o-moves from the
e components By of By; and finally o-moves from By, k € {1..p} are copied into By.
Moreover, each move on the diagram of Fig. 2 has either a single outgoing copy-cat
edge—in which case the following move is uniquely determined—or it has multiple out-
going edges all labelled by >—in which case the strategy > determines which moves will
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where k € {1..p}, 4,5 € {l.n} and p > 1.

Figure 2: Flow-diagram for interaction plays of (I' F x; N1 ... Np)).

be played next. Hence for every two consecutive moves in a play of (I' = M : o)), we can
uniquely recover all the internal moves occurring between the two moves in the corre-
sponding play of ¥||ev by following the arrows of the flow diagram. This transformation
is called the syntactical uncovering function with respect to ¥, and ev and is denoted
Y5 e ! Zs;@’{l“p} ev — Yllev. By definition it satisfies the following property:

hide( Y5 e0(u), 0, {1..p}) = u

for all u € X217} ey whose last occurrence is an external move (i.e., in C' or X; for
i€ {l.n}).

Recovering the fully-revealed semantics from the syntactically-revealed semantics. Given a
term-in-context I' = A : A, its syntactically-revealed denotation ((I' - M : A)). can be
obtained from ((I'+ M : A)) by recursively hiding the appropriate internal moves. Con-
versely, the fully-revealed denotation (I' = M : A)) can be obtained from (I" = A : A))_ by
recursively applying the syntactical-uncovering transformation described in the previous
paragraph for every subterm of the form y; /Ny ... N,,.

2.1.5. Revealed semantics versus standard game semantics
In the standard semantics, given two strategies 0 : A — B, 7 : B — (' and a sequence
s € o;7, it is possible to (uniquely) recover from the sequence s the internal moves that
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were hidden during composition [6, part II]. The revealed denotation of a term can be
recovered from its standard game denotation by recursively uncovering the internal moves
for every application occurring in the term.

Conversely, the standard denotation can be obtained from the revealed denotation by
filtering out all the internal moves:

[CFM:T]=(CFM:T) [l —T] . (7)

This equality remains valid if we replace the fully revealed denotation by the syntactically-
revealed denotation.

Observe that the two sets of plays (I' M : T)) and [[' = M : T are not in bijection.
Indeed, by definition the revealed denotation is prefix-closed therefore it also contains plays
ending with an internal move. Thus the revealed denotation contains more plays than the
standard denotation. What we can say, however, is that the set of plays [I't M : T is
in bijection with the subset of (I'+ M : T)) consisting of plays ending with an external
move. Furthermore the set of complete plays of [I' = M : T is in bijection with the set of
complete interaction plays of (I' = M : T')).

2.1.6. Projection

The projection operation for justified sequences of moves of an interaction strategies
(Def. 2.4) proceeds by eliminating some of the moves from the sequence. In general when
projecting a sequence s € X on a subtree T”, for some subtree ¥’ : 77 of ¥ : T, the
resulting sequence is not necessarily an interaction position of ¥’ because some internal
moves may be missing from s. The following lemma shows that for strategies that are
fully-revealed denotations the projection operation generates valid positions of its sub-
interaction strategies.

Lemma 2.2 (Projection for fully-revealed denotations). Let ¥ : T be a fully-revealed

denotation (i.e., ¥ = (M)) for some term M ). Then for every sub-tree ' : T" of ¥ : T
and u € X:

o if T" is the first subtree of a ‘;-node in T then for every initial [type(T")]-move b
occurring in u we have u [ T" [ b € X/;

o otherwise (1" is the subtree of a ‘A’-node, (_, _) -node or the I subtree of a ‘;’-node
forl>1) thenu [T € ¥'.

Proof. The proof is by induction on the distance between 7" and T"’s root. The sequence
u T equals u [ Ty | ... | Ty for some k > 0 where the T;s are the unique subtrees of T'
such that Ty =T, T, = T”, and T} is an immediate subtree of T;_; for 1 <i < k. Let X, : T;
denote the strategy corresponding to each subtree T; of T. We proceed by induction on
k > 0. The base case is trivial. Step case: Suppose that v =u | Tp_1 € ¥,_1. We do a case
analysis on the type of the root node of 3;_1. The cases ‘A’ and ‘(_, _)” are trivial. The only
other possible case is ‘|| (since ¥ is a fully-revealed denotation). The result then follows
by definition of || with a subtlety in the case [ = 1: we have %y = ¥||%,, ¥ : 7477 for
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some strategy %, : TP~¢. When calculating the positions of the composition ¥'||3,, links
going from initial A-moves to initial B-moves in the positions of ¥’ are changed into links
pointing to initial C-moves in ¥'[|¥,. Thus in order to obtain a valid position of ¥’ from v
we need to recover the pointers accordingly. This is precisely what the filtering operation
_ | 7" does (see Def. 2.4): if a move in v loses its pointer in v | My then its justifier in
v [ T" is set to the only initial move occurring in the P-view "v [ My | [type(T")]™, which
is necessarily b. Hence the justification pointers are properly restored and v [ 7" [ b is
indeed an uncovered position of Y. O

Together with Lemma 2.1 this further implies:

Lemma 2.3. Let X = (M)) : T. For every u € ¥ and sub-tree X' : T" of ¥ : T inducing a
standard strategy o’ : [type(T")]:

e if T" is the first subtree of a ‘;’-node in T then for every initial D-move b occurring
in u we have u | [type(T")] | b € o’;

o otherwise (1" is the subtree of a ‘A’-node, (_, _) -node or the I'" subtree of a *;’-node
for 1> 1) then u | [type(T")] € o'.

Proof. Follows immediately from Lemma 2.2 and 2.1. O

Lemma 2.4 (Well-bracketing). Let > : T be the fully-revealed denotation of some term M.
Then for every sub-revealed strategies X' : T" of ¥ : T, the standard strategy o' : [type(T")]
induced by X' is well-bracketed.

Proof. The leaves of a fully-revealed denotation are annotated by well-bracketed strategies
therefore since well-bracketing is preserved by pairing, currying and composition, all the
standard strategies induced by the sub-revealed strategies of ¥ are also well-bracketed. [

Lemma 2.5 (Complete interaction play). Let ¥ : T and X, : T denote respectively the
fully-revealed strateqy and syntactically-revealed denotation of some term (i.e., ¥ = (M)
and Xy = (M), for some term M ). Then:

(1) For every uw € &, if u | [type(T)] is complete (i.e., mazimal and all question moves
are answered) then so is u.

(11) For every u € X, if u | [type(T)] is complete then so is u.

Proof. (i) We show the contrapositive. If u is not complete then it contains an answered
move b. If b is not internal then it appears in u [ [type(T)] and therefore u | [type(T)]
is not complete. Otherwise, let X' : 7" be the subtree of ¥ where the internal move b
is uncovered: Y is of the form ¥1;%F %, for some S, P C N with ¥; : (7775)) and
Yo 1 (TP~C), and b belongs to some uncovered component of B (i.e., whose index is in
S).

Since b is unanswered in u, it is not answered in u | A, B and u [ B, C either; thus
the sequences u [ A, B and u [ B,C are not complete. This further implies that u [ A, C
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is not complete (By contradiction: otherwise we would have u | A — C = ¢/ a for
some initial question ¢ and answer a; but since ¢ and a both belong to C' this implies
w | B — C =q...a). By Lemma 2.3, u | B — C belongs to the standard strategy
induced by 35, and by Lemma 2.4 this strategy is well-bracketed, thus u | B — C'is
well-bracketed; so since its first question is answered it is necessarily complete.

We have shown that u [ [A — C] = u | [type(T")] is not complete. We then conclude by
observing that if u | [type(T”)] is not complete for some sub-tree 7" of T then u | [type(T)]
is not complete either. This can be shown by an easy induction on the distance between
the root of 7" and T": The currying and pairing cases are trivial; for the composition case,
the argument is similar to the one used in the previous paragraph.

(ii) By applying the syntactical uncovering function on u we obtain a position v of ¥
satisfying w [ [type(T)] = v | [type(T)]. Hence by (i), v is complete, and therefore so is u
(since u is the subsequence of v obtained by recursively hiding internal moves). O

2.2. Relating computation trees and games

In this paragraph we relate nodes of the computation tree to moves of the game arena.
First we use an example to explain the insight before giving the formal definition.

2.2.1. Example
Consider the following term M = A fz.(Agz.f(fx))(Ay.y)z of type (0 — 0) — 0 — o. Its
n-long normal form is Afz.(Agz.f(fz))(Ay.y)(A.z). The following figure represents side-

by-side the computation tree of M (left) and the arena of the game [(0 — 0) — 0 — 0]
(right):

Mz qt
|
PR qs/(f\}\@.
R NG A
y 2 /\ 1 1 2
at N

Now consider the following partial mapping v (represented by a dashed line in the
diagram below) from the set of nodes of the computation tree to the set of moves in the
arena: (For simplicity, we now omit answer moves when representing arenas.)
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Consider the justified sequence of moves:

S~
s=¢"¢q¢" ¢ ¢t ¢ e[M] .

Its image by ¥(r;) gives a justified sequence of nodes of the computation tree:

IR CRY

r=Afz-f®.\

where s; = 1(r;) for all i < |s|.
The sequence r is in fact the core of the following traversal:

CINGIN CIS I U\ e

t =Mz @2 . \g2l¥ . f

This example motivates the next section where we formally define the mapping 1 for
any given simply-typed term.

2.2.2. Formal definition

We now establish formally the relationship between games and computation trees. We
assume that a term I' = M : T in n-long normal form is given.

NoOTATIONS 2.1 We suppose that computation tree 7(M) is given by a pair (V, E) where
V' is the set of vertices and £ C V' x V is the parent-child relation. We have V = N U L
where N and L are the set of nodes and value-leaves respectively. Let D be the set of
values of the base type o. If n is a node in N then the value-leaves attached to the node
n are written v,, where v ranges in D. Similarly, if ¢ is a question in A then the answer
moves enabled by ¢ are written v, where v ranges in D.

Definition 2.8 (Mapping from nodes to moves of the standard game semantics).
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e Let n be a node in N\, U N,,, and g be a question move of some game A such that n
and ¢ are of type (Aj, ..., A,, 0) for some p > 0. Let {q¢',...,¢"} (resp. {v, | v € D})
be the set of question-moves (resp. answer-moves) enabled by ¢ in A (each ¢ being
of type A;).

We define the function 1y from V" — nodes that are hereditarily enabled by n—to
moves of A as:

vyt = {n—qiU{vn = v, [veD}

mq' .
U UmEN\,ar|nh~m_ A if n S NA )
n'ivql o
Ui:l..p A ) if n € Nvar .

e Suppose I' =z : X1,..., 25 : Xj. Let qo denote [I' — T7’s initial move® and suppose
that the set of moves enabled by g in [I' — T] is {quy -+ e @ -, T U{v, | v €
D} where each ¢ is of type A; and ¢,, of type X.

We define 1y, : V" — [’ — T (or just ¢ if there is no ambiguity) as:

b= A{r—=q}U{o—uv, |veD}
U U Yl
Tlé;]\fvar|()F7i7l
n,qz ;
U L~‘J Lbﬂl1—eérﬂ :

neNg|n labelled zj,je{1..k}

It can easily be checked that the domain of definition of ¢’y is indeed the set of nodes

that are hereditarily enabled by n and similarly, the domain of 1, is the set of nodes that
are hereditarily enabled by the root (this includes free variable nodes and nodes that are
hereditarily enabled by free variable nodes). Also, if M is closed then we have ¥y, = 1)

®,90
[T

The construction of the function ¢’y?, defined above, goes as follows. Let p be the arity

of the type of n and gq.

e If p = 0 then n is a dummy A-node or a ground type variable: ¢’y maps n to the
initial move gq.

e If p>1and n € Ny with n labelled A\{ = A¢; ... &, then the sub-computation tree
rooted at n and the arena A have the following forms (value-leaves and answer moves
are not represented for simplicity):

3Arenas involved in the game semantics of simply-typed lambda calculus are trees: they have a single

initial move.
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For each abstracted variable &; there exists a corresponding question move ¢* of the
same order in the arena. The function ¢y’ maps each free occurrence of &; in the

computation tree to the move ¢'.

e If p > 1 and n € Ny, then n is labelled with a variable z :
children nodes A7jy, ..., A7j,. The computation tree 7(M) rooted at n and the arena

A have the following forms:

and ¢’y maps each node A7; to the question move ¢'.

(A,...

, A, 0) with

Example 2.3. For each of the following examples of term-in-context I' = M : T, we
represent the computation tree 7(M), the arena of the game [I' — T, and the function

¥y (in dashed lines):

o M = )X\z°x
AL - Yap - » O
R .
o M = \fleoo) fay
ANf =y + Qxf
| RN
f---mmmme - > qf [z
/N /SN
S R | I .2
T Y- e :::””___‘/

o M = X[ (Ago) g(f)z)( My w’.y)
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Lemma 2.6.

(i) ¥y maps A-nodes to O-questions, variable nodes to P-questions, value-leaves of A-
nodes to P-answers and value-leaves of variable nodes to O-answers;

(ii) 1y preserves hereditary enabling: a node n € V& is hereditarily enabled by some
node n' € V" in 7(M) if and only if the move ¥y (n) is hereditarily enabled by
Yy (n') in [T — T);

(111) ¥ maps a node of a given order to a move of the same order;

(iv) Let s € Trav(M)'®. The P-view (resp. O-view) of 1u(s) and s are computed identi-
cally (i.e., the set of positions of occurrences that need to be deleted in order to obtain
the P-view (resp. O-view) is the same for both sequences).

Proof. (i), (ii) and (iii) are direct consequences of the definition. (iv): Because of (i) and
since ¢t and v/ (t) have the same pointers, the computations of the views of the sequence
of moves and the views of the sequence of nodes follow the same steps. O

The convention chosen to define the order of the root node (see Def. 1.3) permits us to
have property (iii). This explains why the order of the root node was defined differently
from other lambda nodes.

By extension, we can define the function )y, on Trav(M)!®, the set of traversal cores,
as follows:

Definition 2.9 (Mapping traversal cores to sequences of moves). The function ), maps
any traversal core u = uguy ... € Trav(M)'® to the following justified sequence of moves
of the arena [I' — T]: ¥ (u) = ¥ar(ug) ¥ar(uy) ¥ar(us) ... where 1y (u) is equipped with
u’s pointers.

The pointer-free function underlying vy, is thus a monoid homomorphism.
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2.3. Mapping traversals to interaction plays

Let I be the interaction game of the revealed strategy (I' = M : T')_ and M; be the set
of equivalence classes of moves from M.

Let 7" be a lambda node in Nypawn (the children nodes of @/¥-nodes). We write I'(r’) -
k(r") : T(r') to denote the subterm of [ M] rooted at r' (thus I'(r") C T"). We consider the
function t,(+) which maps nodes of V™" to moves of [['(+') — T'(r")]. Since M; contains
the moves from the standard game [I'(r") — A(r")], we can consider 9, as a function
from V" to M.

Every node in n € V' \ (Va U V4) is either hereditarily enabled by the root or by some
A-node in Ngpawn. Therefore we can define the following relation ¢}, from V'\ (Va U Vy) to
JA/1[:

Yh=vu U |J e -
7€ Nspawn
This relation is totally defined on V' \ (Vo U V&) since those nodes are either hereditarily
justified by the root, by an @-node or by a »-node. Moreover it is a relation and not a
function since for a given variable node z, for every spawn node r’ occurring in the path
from = to ®, z is hereditarily enabled by r" with respect to the computation tree 7(xk(r')).
Thus the domains of definition of the relations v, for such nodes r’ overlap. It can be
easily check, however, that for every node n € V'\ (Va U V&), the moves in ¢},(n) are all
~-equivalent, which leads us to the following definition:

Definition 2.10 (Mapping from nodes to moves of the syntactically-revealed semantics).
We define the function oy = V' \ (Va U Vy) — M as follows: Forn € V' \ (VaUVs), ou(n)
is defined as the ~-equivalence class containing the set ¢},(n). We omit the subscript in
pr if there is no ambiguity.

Definition 2.11 (Mapping sequences of nodes to sequences of moves). We define the
function @y, from 7rav(M)* to justified sequence of moves in M; as follows. If u =
Uty - .. € Trav(M)* then:

eum(s) =oum(uo) om(ur) eu(uz). ..
where ¢/ (u) is equipped with u’s pointers.

Example 2.4. Take M = \z°.(\g(>?.gz2)(\y°.y). The diagram below represents the
computation tree (middle) and the relation ¥}, = ¥ny U ¥xg g U ¥y, (dashed-lines).

PV A

| UM e )\

@ VAN

Qrg « - __ /7 \
// \/ \ w)\ggm —-__‘~‘>\g )\y_ ¢Ayy > Ay [z qu
Q:n qz q-q = - - ———__ ‘ ‘ B q‘ // :
T T ‘ - _ !7 g/ o -—--—--~>Yy // /
\\ ' q'gl c-- - - / \ // ///
\\\\ \\\ ~;)‘\ ‘ /// /////
TTes SI T T x I S i't_j_:" -7
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where ¢, ~ @, @& ~ @2, Qg ~ Dy Qg ~ @y A0 Qg ~ Qo

Lemma 2.7 (Traversal projection lemma). Let A = Q : A be a subterm of [M| and
®¢q denote the root lambda node of the subtree of T(M) corresponding to the term Q. Let
t € Trav(M), ro be an occurrence of ®¢g in t and my be the occurrence of the initial
A-move ppr(ro) in @ (t*). Then:

p(t* T VI T 1) = our(t) T (A — A) Tmo .

Proof. Firstly we observe that the expression “pg(t* | V(©a) | 14)” is well-defined. Indeed,
by Proposition 1.5 ¢ || 7o is a traversal of Trav(Q) therefore the sequence t* [ V(®@) |
which is equal to (¢ || 79)* by Lemma 1.17, does belong to 7 rav(Q)*.

We now make the assumption that & is a level-2 lambda nodes (i.e., a grand-child of
the root ®). The proof easily generalizes to other lambda nodes by iterating the argument
at every lambda nodes occurring in the path from ®¢ to ®.

Claim: (i) The set of occurrence positions of ¢* that are removed by the operation _ |
V(®2) is the same as the set of positions of ¢ (¢*) removed by the operation _ | (A — A)).
(ii) The justification pointers in the sequences of nodes t* [ V(®@) are the same as those of
the sequence of moves ¢ (t*) | (A — A)).

Indeed: (i) follows from the fact that, by definition, the range of the function ¢y,
restricted to V(®Q) is included in M, (a—ay (the set of moves of the interaction game of Q).

(ii) By Def. 2.11, the sequences ¢y (t*) and t* have the same justification pointers. The
projections _ [ V(®@) and _ | {A — A)) both alter the pointers in the sequences ()
and t*, but they do so identically: the operation _ | V(®@) (Def. 1.17) alters pointers only
for variable nodes that are free in V(®@); it makes them point to the only occurrence of
®¢ in the P-view at that point (which is also the only occurrence of a level-2 lambda node
in the P-view). Similarly, the operation _ [ (A — A)) (Def. 2.4) alters pointers only for
initial A-moves: it makes them point to the only occurrence of an initial B-move in the
P-view at that point. Further o, maps free variables in V(®@) to initial A-moves, and
level-2 lambda nodes to initial B-moves.

Hence the claim holds which subsequently implies @ (t*) | (A — A)) = pu(t* |
VI®)). Thus @y (t*) | (A = A) | mo = ou(t* [ V) [ mg = @ur(t* | VIEQ | ).
Finally, since the function ¢ is defined inductively on the structure of the computation
tree, the restriction of ¢y, to V®Q coincides with ¢g. O

The following lemma states that projecting the image of a traversal by ¢ gives the
image of the traversal’s core:

Lemma 2.8 (Core projection lemma).
ou(Trav(M)*) | [T — T = vy (Trav(M)'®) .
Proof. Let H be the set of nodes of 7(M) which are mapped by ¢*(M) to moves that are

~-equivalent to moves in [[' — T]. We need to show that H = V",
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1287 Since ¥y, C ¢¥*(M) and the image of (M) is [I' — T, H must contain the domain
s of (M) which is precisely V® . Conversely, suppose that a node n € V' \ (Vo U Vx) is
12 mapped by ¢*(M) to some move m € M; which is ~-equivalent to some move in [I' — T7.
o If m = 1y (n) then n € V& . Otherwise, m = V(@) (n) for some © € Nypawn. There may
o be several node ©® such that n belongs to the domain of definition of ¥, w.l.o.g. we can
e take ® to be the one which is closest to the root. Let I'(®) F k(®) : T(®). Suppose that
1203 M i ~-equivalent to a move from

14 - the subgame [I'] of [I' — T, then this means that n is hereditarily justified by a free
wes  variable node in M and therefore n € V.

w6 - the subgame [T] of [I' — T then m must belong to the subgame I'(®) of [['(®) — T'(®)].
v Indeed, since ®’s parent node is an application node, moves in the subgame [T(®)]
s correspond to internal moves of the application. By definition of the interaction strategy
o for the application case, such moves can only be ~-equivalent to other internal moves
o and thus cannot be equivalent to a move from [77].

sn  Consequently, n is hereditarily justified by a free variable node z in k(®). By assumption,
12 @ is the closest node to the root ® (excluding ® itself) for which n belongs to V" (the
s domain of definition of 9,(s)). Hence z is not bound by any A-node occurring in the path
s to the root. Thus z € V" and therefore n € V&".

s Hence H = V. Consequently, for every traversal ¢ we have oy (t*) | [I — T] = @ (t* |
s V@) which equals ¢y (t | ®) by Lemma 1.8. O

wvor 2.4. The correspondence theorem for the pure simply-typed lambda calculus

1308 In this section, we establish a connection between the revealed semantics of a simply-
1o typed term without interpreted constants (i.e., X = ()) and the traversals of its computation
1o tree: we show that the set 7rav(M) of traversals of the computation tree is isomorphic to
s the set of uncovered plays of the strategy denotation (this is the counterpart of Ong’s “Path-
132 Traversal Correspondence” Theorem [1]), and that the set of traversal cores is isomorphic
z13 to the strategy denotation.

e Preliminary lemmas

1ms  NOTATION 2.2 For every node occurrence n in a justified sequence (of nodes or of moves)
6 u we write ptrdist,(n), or just ptrdist(n) if there is no ambiguity, to denote the distance
7 between n and its justifier in w if it has one, and 0 otherwise.

Lemma 2.9.

( t-ny,t-ng € Trav(M)

A 1y % g ) = ny,n9 € VE A (¥(n1) # ¥(ng) V ptrdist(n,) # ptrdist(ns)) I

wms  Proof. Take t - ny,t-ny € Trav(M). Suppose that n; and ny belong to two distinct
o categories of nodes (Nyar, Na, Ny, Nx, Lyar, La, Ly, or Ly) then necessarily one must be
10 visited with the rule (InputVar) and the other by (InputVal)—they are the only rules with
sz a common domain of definition—thus one is a leaf-node and the other is an inner node

12 which implies that ¢¥(ny) # ¥(ns).
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Otherwise n; and ny belong to the same category of nodes and we proceed by case

analysis:

e If ny,ny € Ng then ¢ - ny and t - ny are formed using the (App) rule. Since this rule
is deterministic we must have n; = ny which violates the second hypothesis.

e If ny,ny € La then the traversals are formed using the deterministic rule (Value
which again violates the second hypothesis.

e Ifny,ny € Ny then they are formed using a deterministic constant rule (see Def. 1.13).

o If ny,ny € Ly, then they are formed using a deterministic value-constant rule.

o If ny,ny € N,y then t-ny and t-ny were formed using either rule (Lam) or (App). But
these two rules are deterministic and their domains of definition are disjoint. Hence
again the second hypothesis is violated.

o If ny,ny € Ly, then either the traversals were both formed using the deterministic
rule (Value'™=*) in which case the second hypothesis is violated; or they were formed
with (InputValue) in which case n; and nsy are two different value leaves belonging
to V¥ and justified by the same input variable node. Thus by definition of 1,
¥(n1) # ¥(na).

e If ny,ny € N, then the traversals t - n; and t - ny must have been formed using either

rule (Root), (App), (Var) or (InputVar). Since all these rules have disjoint domains
of definition, the same rule must have been use to form ¢ - n; and ¢ - ny,. But since
the rules (Root), (App) and (Var) are all deterministic, the rule used is necessarily
(InputVar).
By definition of (InputVar), ni,ns € Nf%, the parent node of n; and the parent
node of ny all occur in Ltg, s where x € N denotes the pending node at ¢. If
ny and ny have the same parent node in 7(M) then since n; # ng, by definition of
¥, Y(ny) # ¥(ny). If their parent node is different, then n; and n, are necessarily
justified by two different occurrences in ¢ therefore ptrdist(n,) # ptrdist(ns).

e If ny,ny € L, then either the traversals ¢t-n; and ¢ -ny were formed using (Value’\*"’ar)
or they were formed with (Value®~®) but this is impossible since these two rules are
deterministic and n; # ns. O

@ik—»k‘)

The function ), regarded as a function from the set of vertices V' \ Vi of the compu-
tation tree to moves in arenas is not injective. (For instance the two occurrences of x in
the computation tree of Afz.frx are mapped to the same question move.) However the
function ¢, defined on the set of Q-free traversals is injective, and similarly the function
1y defined on the set of traversal cores is injective as the following lemma shows:

Lemma 2.10 (¢); and ¢y, are injective). For every two traversals ty and t:
(i) If o(t7) = o(13) then t] =15 ;

Proof. (i) The result is trivial if either ¢; or ¢y is empty. Otherwise, suppose that t7 # t5
then necessarily t; # t5. W.lo.g. we can assume that the two traversals differ only by
their last node (or last node’s pointer). Thus we have t; =t - ny and ty = ¢ - ny for some
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sequence t and some occurrences ni,ny where either ny and ny are two distinct nodes in
the computation tree or ptrdist(ny) # ptrdist(ny).

If ny = ny and ptrdist(n,) # ptrdist(ny) then ny,ny are not @-nodes nor 3-nodes (since
for such nodes we would have ptrdist(n;) = 0 = ptrdist(ns)). By definition of the sequence
©(t1) we have ptrdist(p(ny)) = ptrdist(ny) and similarly ptrdist(p(ny)) = ptrdist(ny) thus
©(t'-ny) # p(t'-ny). Finally since ny, ny & (NaUNx) we also have p((t'-n1)*) # ¢((t'-n2)*).
Hence o(t7) # ¢(13).

If ny # ny then by Lemma 2.9 ny,ny are not @-nodes or ¥-nodes (since such nodes
are not hereditarily justified by the root) and we have either ptrdist(n;) # ptrdist(ny) or
p(n) = P(n1) # ¥(n2) = p(n2). Hence p(t7) # ¢(13).

(ii) Suppose that ¢; [ ® # to [ ® then necessarily ¢; # to. W.l.o.g. we can assume that the
two sequences differ only by their last occurrence. Hence we have t; = t-nq, ts = t' - ny for
some sequence t and some nodes ny, ny where either ny # ny or ptrdist(n;) # ptrdist(ns).

If ny # ny then Lemma 2.9 gives ¥(t; | ®) # ¥(ty | ®). Otherwise ny = ny and
ptrdist(ny) # ptrdist(ny). The only rules that can visit the same node with two different
pointers are (InputVar) and (InputValue), thus n; and n, must be in V,¥". Hence:

Bt | ®) = o(t | ®) - d(ny) for i € {1.2}

where ptrdist,, . (¢¥(n;)) = ptrdist,,,.(n;).
Furthermore, since ptrdist(n;) # ptrdist(ny) and t,,,, = ta.,,, we have ptrdist, 4 (11) #
ptrdist,, 1 (n2). Thus ¢(t; [ ®) # ¥(t2 | ®). O

Corollary 2.1.
(i) ¢ defines a bijection from Trav(M)* to p(Trav(M)*) ;
(ii) 1 defines a bijection from Trav(M)!® to (Trav(M)'®) .

The following lemma says that extending a traversal locally also extends the traversal
globally: the traversal ¢ of M can be extended by extending a sub-traversal ¢’ of some
subterm of M. This is not obvious since t' is a subsequence of ¢ which means that the
nodes in ¢’ are also present in ¢ with the same pointers but with some other nodes interleaved
in between. However these interleaved nodes are inserted in a way that allows us to apply
on t the rule that was used to extend the sub-traversal ¢’

Lemma 2.11 (Sub-traversal progression). Let ®; be a lambda node in (M), t =t" -1 be
a justified sequence of nodes of T(M), and r; be an occurrence of ®; in t different from t*.

If

1. t' is a traversal of T(M),

2. t“ appears int || rj,

3. t Il r; is a traversal of (M ®i)) and its last node is visited using a rule different from

(InputVar) and (InputVar'?),
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then t is a traversal of T(M).

Proof. Let t; =t | r;. Since t' is a traversal of M, by Prop. 1.5 the sequence t' || r; (which
is also the immediate prefix of ¢;) is a traversal of 7(M(®1)). We proceed by case analysis
on the last rule used to produce the traversal ¢; and we show that ¢ is a traversal of M:

e (Empty), (Root). These cases do not occur since |t;| > 2. Indeed, ¢; contains at least
t“ and r; which are two different occurrences.

e (Lam) We have ¢; = ...- A\l - n. Since t; C ¢, the node A also occurs in ¢. Therefore
using the rule (Lam) in M we can form the traversal ¢,z - n. But then we have (fy¢-n) |
[rj=togllrj-n= tige-n=t =t I ;. Thus, since t’s last node and n both appear
in ¢ || rj, this implies that ¢,z - n = . Hence ¢ is a traversal of M.

e (App) t; =...- A{-@-n. The same reasoning as in the previous case permits us to

conclude. v
q

o (Value® ) ¢, =...- X Q... 0 “Vyg. Since t; C ¢, the nodes A\, @, ve and Uy
all appear in t. Moreover, since A{ is a lambda node appearing in ¢ || r;, its immediate
successor must also appear in ¢ || r;. Thus the two nodes A and @ are also consecutive
in t. Hence we can use the rule (Value®") in the computation tree 7(M) to produce the
traversal t<ve M and by the same reasoning as in the previous case, we conclude that
necessarily ¢ = t<,, . - n.

o (Value™™?) ¢, =...- )\m »é- This case is identical to the previous case.
@ TN . . .
e (Value ) tj=...-@-\Z... 0z Va. Same as in the previous case by observing

that @ and A\Z are necessarily consecutive in t.
e (InputValue) and (InputVar). By assumption these cases do not happen.

o (Var)t; =...-1f" \Z... & - AIj; for some variable z; € N&-.
In general, two nodes p and AT appearing consecutively in ¢; are not necessarily consecutive
in t. For in M, t can “jump” from p to a node that do not belong to the subterm M (®:)
and thus not appearing in ¢; = ¢ [ ;. This situation cannot happen here, however. Indeed,
suppose that t<, extends to t¢, - m in 7(M). All the nodes in the thread of A7, in ¢;, are
hereditarily justified by the same initial @-node o which necessarily occurs after r; (the
first node of ¢;). Consequently p belongs to Ny and therefore the traversal t, - m must
have been formed using the rule (Var) in 7(M). Since p appears in ¢ [ r;, by Lemma
1.14(i), all the nodes in the thread of p in t appear in ¢ || ;. Thus m appears in ¢ || r;
(since by O-visibility it points in the thread of p). Hence (t<,-m) [[ ro =t<, [[ 70 -p-m
which implies that m is precisely the occurrence A\7.
Hence the nodes p, A%, x; and A\p; all appear in ¢ with the two nodes p and AT appearing
consecutively. We can therefore use the rule (Var) in M to form the traversal ¢.

e (Value’"a") Same proof as in the previous case.

e (X)/(X-var) Same as (App) and (Var).

e (X-Value) Same as (ValueMvar). O
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The correspondence theorem

We now state and prove the correspondence theorem for the simply-typed lambda
calculus without interpreted constants (X = (). This theorem establishes a correspondence
between the denotation of a term in the intentional game model and the set of traversals of
its computation tree. The result extends immediately to the simply-typed lambda calculus
with uninterpreted constants since we can regard constants as being free variables.

Theorem 2.2 (The Correspondence Theorem). For every simply-typed term I' = M : T,
o defines a bijection from Trav(M)* to (I' = M : T, and ¥y defines a bijection from
Trav(M)'® to [T+ M : TJ:

S

o

om @ Trav(lEM:T)" — (UM :T)),
Yy 2 TravTHM:T)® = [CFM:T] .
REMARK 2.1 By Corollary 2.1, we just need to show that ¢, and 1, are surjective, that

is to say: oa(Trav(M)*) = (T'F M : T), and ¥p (Trav(M)'®) = [+ M : T]. Moreover
the former implies the latter, indeed:

M T)=('FM:T) |[I'—=1T] by (7) from Sec. 2.1.5
=ou(Trav(M)*) | [I' — 17 by assumption
= Y (Trav(M)'®) by Lemma 2.8.

Therefore we just need to prove ¢y (ZTrav(M)*) = (I't+ M : T))..

Since the proof is rather technical, we first give an overview of the argument: We
proceed by induction on the structure of the computation tree. The only non-trivial case
is the application; the computation tree 7(M) has the following form:

AE
\
— ‘ ~
T(No) - T(N)

A traversal of 7(M) goes as follows: It starts at the root A of the tree 7(M) (rule
(Root)), visits the node @ (rule (Lam)) and the root of 7(Ny) (rule (App)) and then proceeds
by traversing the subtree 7(Ny). While doing so, some variable y; bound by 7(Ny)’s root
may be reached, in which case the traversal is interrupted by a jump to 7(1V;)’s root
(performed with the rule (Var)) and the process goes on with 7(N;). Again, if the traversal
encounters a variable bound by 7(N;)’s root then the traversal of 7(1V;) is interrupted and
the traversal of 7(/Ny) resumes. This schema is repeated until the traversal of 7(Np) is
completed?.

4Since we are considering simply-typed terms, the traversal does indeed terminate. However this will
not be true anymore in the PCF case.
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The traversal of M is therefore made of an initialization part followed by an interleaving
of a traversal of Ny and several traversals of N; for ¢ = 1..p. This schema is reminiscent of
the way the evaluation copy-cat map ev works in game semantics.

The crucial idea of the proof is that every time the traversal jumps from one sub-
term to another, the jump is permitted by one of the “copy-cat” rules (Var), (Value*~®),
(Value'a=?), (Value®~*), or (Value®var). We show by a second induction that these copy-
cat rules implement precisely the copy-cat evaluation strategy ewv.

Proof. Let I' = M : T be a simply-typed term where I' = z; : Xy,...2, : X,,. We
assume that M is already in n-long normal form. By remark 2.1 we just need to show that
om(Trav(M)*) = (I' = M : T)),. We proceed by induction on the structure of M:

e (abstraction) M = M&.N : Y — B where £ = & : Y,...&, @ Y, On the one hand we
have:

(TEXN:T), = AY((ETHN:B),)
~ ((,T'EN:B), .
On the other hand, the computation tree 7(N) is isomorphic to 7(AE.N) (up to renaming

of the computation tree’s root), and 7rav(N) is isomorphic to Trav(AE.N). Hence we
can conclude using the induction hypothesis.

e (variable) M = x;. Since M is in n-long normal form, z must be of ground type. The
computation tree 7(M) and the arena (I"' — o)), are represented below (value leaves and
answer moves are not represented):

A

‘ qi

qo
/Q2/ \-\q

Let 7; denote the i projection of the interaction game semantics. We have:

(M), = 72 = Pref({ai ¢ -ty -ty | 0 € DY) .

It is easy to see that traversals of M are precisely the prefixes of )\%A Since M
is in G-normal we have 7rav(M)* = Trav(M), and since @y (\) = qo and py(z;) = ¢
we have:

pu(Trav(M)™) = pu(Trav(M)) = ou(Pref(A - z; - vy, - 03)) = (M)

s

e (@-application) M = NyN;...N, : o where N is not a variable. We have the typing
judgments I' = NogN;...N, :oand I' = N; : B; for i € 0..p where By = (By, ..., B,,0)
and p > 1.

The tree 7(M) has the following form:
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[®0

7(No) 7(Ny)

where ®; denote the root of 7(N;) for j € {0..p}.
We have:

(D F Mo, = ((TF No: Bo)y, -, (T N, Bp),) [l ev .

by

In the following, we use the notations introduced in Fig. 1 from section 2.1.3 which fixes
the names of the different games involved in the interaction strategy (M)),. In particular
the games A, B and C are defined as:

A = Xix...xX,
B = ((Byx...xB,) —0d)xBy x...x B,

Bo

C = o.

Let gy and ¢, be the initial question of C' and By respectively.

C We first prove that (I'+ M : T). C oy (Trav(M)*). Suppose u € (I' = M : T))..
We give a constructive proof that there is a traversal ¢ such that oy (t*) = u by
induction on w.

For the base case u = ¢, take ¢t to be the empty traversal formed with (Empty).
Step case: Suppose that v =u'-m € (I' = M : T'))_ for some move m € My where
u' = (1) for some traversal ¢’ of 7(M).

By unraveling the definition of w € (I' = M : T")_ we have:

(a) weJr;
(b) For every occurrence b in u of an initial Bg-move, for some k € {0..p}:
w T [be (N, |
{ wl T [b=¢ for every k' € {0..p} \ {k} ;
(¢) ulBy=ulbB,...,B,C .
(8)

We recall that each m € My is an equivalence class of moves from My. For every
game A appearing in the interaction game T we will write “m € A” to mean that
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some element of the class m belongs to the set of moves My. Similarly, for every
sub-interaction game T” of T', we write “m € T"” to mean that some element of
the class m belongs to the set of moves Mp.. We proceed by case analysis on m:
We either have m € C or m € T°; in the last case m is either in A, a superficial
internal move in B or a profound internal move in B:

Suppose m € C'. Moves in C' are played by the standard strategy ev that does
not contain any internal move. Hence m is either ¢y or v,, for some v € D.
Suppose that m = ¢qy. Since gy can occur only once in v we have u = ¢y and
the traversal t = A%l formed with (Root) clearly satisfies o(t*) = u.

Otherwise m = v,,. This P-move is played by the copy-cat strategy ev therefore
it is the copy of some answer v, to the question qf from the sub-game o’. The
move vy is necessarily the immediate predecessor of m in u. (Indeed the play
Uswy | A, B is complete since its first move g; is answered by v, and therefore

U<y, | TYis also complete by Lemma 2.5; thus no profound internal move can
90

be played between vy and v, and therefore these two moves are consecutive.)
Hence by the induction hypothesis the last move in t' is ¢(vy ) = vy, . The rules
(Value*~®) and (Value®*) permits us to extend the traversal ¢’ to ¢’ - va - vy
where va and vyz point to the second and first node of ¢’ respectively. Clearly
we have /(' - va - v)z)*) = u.

Suppose m € T° and m is an initial move in By. Then necessarily m is ¢} € [0'],
the copy-cat move of the initial move ¢y € C of u. Hence u = qo - ¢{. The rules
(Root), (App) and (Lam) permit us to build the traversal t = Al®l . @ . \gl®o]
which clearly satisfies @y (t*) = w.

Suppose m € T° and m is an initial move in By for some k € {1..p}. Then m
is necessarily a copy-cat move played by the evaluation strategy, and the move

m! immediately preceding m in w is an initial move of the component Bj, of

BQ.

Thus since @y () = m!, #* must be an occurrence of the node y,—the k"
variable bound by A\y. We can thus form, with the rule (Var), the traversal
t =1t - @y satisfying @ (t*) = @ (t*) - m = w.

Suppose m € T° and m is not initial in B. In u | T°, m must be hereditarily
justified by some initial move b in By, for some k € {0..p}. Since u [ T% | b €
((Ng))., the outermost induction hypothesis gives us:

w I T% 1b = on, () (9)

for some traversal ¢, € Trav(Ny) where w.l.o.g. we can assume that t¢ & Va.
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We have:

par(ty) = (par(t5))” since tj & Vo
() 1 T T by by (9)
= ((u' [T [ b)-m))¥ since m is h.j. by b and belongs to T
=m .

Take ¢t = t' -ty where t{ points in t' to the image by ¢p of the occurrence
justifying m in u. Since t¢ # @ we have t* = t"* - t¢ where t¢ justifier in ¢* is
the same as its justifier in ¢.

Hence we have o (t*) = o (1) - (t5) which, by the innermost I.H. together
with the previous equation, equals u' - m where m’s justifier in v’ corresponds
to war(ty)’s justifier in ¢p,(¢*). Consequently:

ou(t) =u . (10)
We are half-done at this point, it remains to show that ¢ is indeed a traversal

of 7(M). Let 7 denote the occurrence of the root ®;, in ¢ that is mapped to
the occurrence b in ¢y (t*). We make the following claim:

te="1t1 7% - (11)
Indeed we have:
on, () =u [T b by (9)
= ou(t”) fTO’“ fb by (10)
= o, (1 TV ) by Lemma 2.7.

Since ¢y, is a bijection from 7rav(N)* to ¢y, (Trav(Ny)*) (by Corollary 2.1)

this implies that ¢f = ¢* | V(®) | r, which in turn equals (¢ [| 74)* by Lemma

1.17 from Sec. 1.3.6. But since t;, and t do not end with an @-node, this implies

equality (11).

We now show that ¢ is indeed a traversal by a case analysis of the rule used to

visit the last occurrence of ¢ in the tree 7(Ny):

(a) Suppose the rule used to visit #¢ is neither (InputVar) nor (InputVar'?).
Then by Lemma 2.11, ¢ is a traversal of M.

(b) Suppose t¥ is visited with (InputVar). Then ¢ is of the form

. . o F
for some input-variable z € N occurring in L, and where ¢ € N+
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Thus:

—
w= () o ()

The occurrence t{ is hereditarily enabled by the root ®j, itself enabled by
an application node, thus ¢{ is not hereditarily enabled by the root ®. Since
only nodes that are hereditarily enabled by the root are mapped to move
in A we know that ¢y, (t¢) is not played in A and therefore ¢, (t5) € By.
Similarly we have ¥y, (z) € By.
Now consider the top-most composition in the interaction strategy (M)) —
that of the interaction strategy ¥ : A — B with the evaluation copy-
cat strategy ev : B — o. Consider the sub-sequence u [ A, B,C of
u consisting only of moves involved in this top-most composition (i.e.,
the internal moves coming from other compositions at deeper level in the
revealed semantics are removed). Since z is a variable node, the move
m? = 1y, (2) € By is a P-move with respect to the game [A — By], and
therefore it is an O-move in the game [B — o]. Consequently the strategy
ev is responsible to play at ug,s | A, B,C. Let m* denote the move played
by ev which immediately follows m! in u | A, B, C.
We claim that m? and m? are also consecutive in . That is to say that no
internal moves generated from the other compositions at deeper levels in
the interaction strategy can ever be played between m? and m?. Indeed,
firstly the strategy ev is a pure standard strategy thus it does not play
any (profound) internal move. Furthermore, suppose that the strategy %
comes from the composition ¥;||3, of two interaction strategies ¥, : A — D
and X, : D — B for some game D, then by the Switching Condition for
function-space game [6] the Opponent cannot switch of component, and
thus the move following m? in the interaction sequence u | A, D, B must
belong to B. Hence internal moves from D cannot be played immediately
after m?.
Similarly, we can show that the move m is played by the strategy ev and
is the copy of the move m! immediately preceding it in u | A, B, C as well
as in u.
Hence the sequence u has the following form:

T SRR

Consequently we have:
tk:z‘/\t;’ t':...-z-)\m.
The first equation implies that ¢ is the 7" child of 2 in the computation
tree, thus since z € N®" we can apply the (Var) rule to the second equation
which produces the traversal of 7(M):
A\

Pt = NGyt
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1577 which is precisely the sequence t. Hence t is indeed a traversal of 7(M).
The diagram on Fig. 3 shows an example of such interaction sequence u.

A — (B — o) X By) — 0

Q@__—— w(AE) O
0 B T P
3 —

P m?(z) @)

O Q?Tﬂ()\@) P

P m!(y) @)

@) m(ty) P

Figure 3: Example of a sequence u [ A, B,C for v € (M) and [ = 1.

1578
1579 (c) Suppose t;’s last move is visited with the rule (InputVar'?') then the proof
1580 is the same as in the previous case but with (InputVar*®) substituted for
1581 (InputVar).
1582 O The converse, @p(Trav(M)*) C (M)),, is the easy part of the proof.
1583 Let u be as sequence of wy (7rav(M)*). Then u = @y (t*) for some traversal t
1584 of 7(M). To show that w is a position of (I' M : T')), we have to prove that it
1585 satisfies the three conditions of (8):
1586 — (a) By definition, ¢); maps justified sequences of nodes to justified sequences
1587 of moves from My therefore @y (t*) € Jp.

— (b) Take an initial B-move b € By, for some k € {0..p}, occurring in ¢y (¢*).
There is a corresponding occurrence r; in t of a level-2 lambda node ®; of
7(M). By definition, the function ¢); maps nodes from the subtree of 7(M)
rooted at @y, for every k' € {0..p}, to moves of the game ((I' — By/)), that
are hereditarily justified by some occurrence of ¢ (® ). Hence for every k' €
{0..p} \ {k} we clearly have @y (t*) [ T% | b = e. Moreover:

w [ T% b= () [T |

= u(t* ] V@) k) by Lemma 2.7

= ou((t I 7)) by Lemma 1.17

=N, ((E 7)) since t [[ 71, is a traversal of Nj by Prop. 1.5

€ on, (Trav(Ng)¥)

= ((Ni) by the induction hypothesis.

1588 — (c) We can show that ¢ (t*) | By = om(t*) | Biy,...,B,,C by a trivial
1580 induction on the traversal t. (This property holds because of the way the
1500 traversal rules mimic the behaviour of the evaluation strategy.)
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1591

1592

1593

1594

1595

1596

1597

1598

1599

1600

1601

1602

1603

1604

1605

1606

1607

1608

1609

1610

1611

e (Var-application) M = z;N;... N, : o.

S
7

The revealed denotation is (I' = M : o), = (m;, (L F Ny : By)),, ..., (['F N, : B,y );t-r} evI
it
and the computation tree is
@]
‘,
— ‘ ™~
T(Ny)ed .. T(Np)[@’]

We use the notations of Fig. 1 for names of the games involved in the interaction strategy.
The composition of > with ev takes place on the following games:

A B

. X, D B T 3 .
A | A\

Xy x (B X x BY) = 0") . x Xy = (B % ... x BL) — d) xBy X ... B, 1 %%

Let qo, ¢}, and g be the initial question of C, By and X; respectively.

(I'EM:T), C ou(Trav(M)*). We show (constructively) by induction that for every
v € Xllev, there is some traversal ¢ such that the sequence u = hide(v, {0..p}, {0})
equals @y (t%).
The base case v = € is trivial. Suppose that v = v'-m € X||ev where hide(v’, {0..p},{0}) =}}
o (1) for some traversal t' of 7(M) and move m € Myp. Unraveling the definition
of v € X|ev gives

-v € Jr;
- for every occurrence b in v of an initial Bi-move for some k € {0..p}:
v T® 1bemifk=0and v | T% | be (Ny), if k >0,
and V&' € {0.p} \ {k}. v [T [ b=¢
-andv [ By=v | DBy,...,B,,C .
(12)
We proceed by case analysis on m. It is either played in A, B or C.

1. m € C. The proof is the same as in the @-application case except that the rules
(Value*var) and (Value'®™*) are used instead of (Value*®) and (Value®~?)
respectively.

2. m is a superficial internal B-move. Then hide(v, {0..p}, {0}) = hide(v’, {0..p}, {0} )}
so we can directly conclude from the I.H.

3. m is a profound internal B-move. Then necessarily m belongs to By, for some k €
{1..p} (since m; does not contain internal moves). Thus m must be hereditarily
justified by some b € Bjy. The treatment of this case is identical to the @-
application case where m € T is not initial in B and b € By, for some k € {0..p}.
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1612 4. m € A. Let b denote the initial By-move that hereditarily justifies m for some

1613 k € {0.p}. If & > 0 then the treatment is the same as in case 3. Otherwise
1614 b € By:

1615 — Suppose m is an occurrence of the initial o”-move ¢{. Then m is played by
1616 m; and therefore is the copy of ¢ itself the copy of the initial move gy of v.
1617 Thus v = qo - ¢ - ¢ and u = qq - . The traversal t = A€l . z; formed using
1618 the rules (Root) and (Lam) meets the requirement.

1619 — Otherwise since v [ b € m; we have v [ b | X; = v | b | By therefore m must
1620 necessarily be hereditarily justified by the first occurrence of ¢j in v.

1621 x Suppose m is an e-question. Then the preceding move in v is necessarily
1622 a o-move also played in A by the strategy m; and therefore it is also
1623 hereditarily justified by the first occurrence of ¢ .

1624 By definition of ¢y, the last node in ' is a variable node (if the preceding
1625 move is a o-question) or a value-leaf of a lambda node (if the preceding
1626 move is a o-answer) that is hereditarily justified by the node x;. Hence
1627 the rule (InputVar) can be applied at ¢

Let m' be m’s justifier in v' and o’ be the corresponding node in t' that
¢y maps to m’. Suppose m is the i move enabled by m/ in the arena
and let a be the i child node of o/ in 7(M). By definition of p,; we
have ¢ () = m. We want to show that we can use the rule (InputVar)
to append « to the traversal . Since we have v [ A,C € [M], by O-
visibility m’ appears in v’ [ A, CJ, and by the induction hypothesis we
have v' [ A,C =¥y (t' | r). Hence

m' € iyt [ r)o =yt | ro)
= (L’ | 71) since ¢y and 9y, coincide on V&

= (Lt D) by Lemma 1.18.
1628 This implies that o' appears in Lt's which allows us to use the rule
1629 (InputVar) to form the traversal ¢t = -« satisfying ¢/ (t*) = hide(v, {0..p},{0}) ]}
1630 * Suppose m is a o-answer. The same argument as above holds but using
1631 (InputValue) instead of (InputVar).
1632 % Suppose m is an e-question. We proceed identically using the rule (Lam)
1633 instead of (InputVar). The proof that o/ appears in the P-view "' goes

1634 as follows:
Let v denote the core of the interaction sequence v [12]. By P-visibility
inv [ A C, moccursin "v' | A, C". Further we have "v' [ A,C7 ="' |
A,C [12], and clearly "v'7 | A, C equals Thide(v’, {0..p},{0})" | A,C.

Hence
m € "o (t™) ] A C E Top(8%)7 .
1635 This implies that o’ occurs in "t which is a subsequence of "' by (1).
1636 (See Sec. 135)
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1637

1638

1639

1640

1641

1642

1643

1644

1645

1646

1647

1648

1649

1650

1651

1652

1653

1654

1655

1656

1657

« If m is a o-answer then we proceed as above but using the rule (Value)
instead.

om(Trav(M)*) C (M)),. Let t be some traversal of 7(M). To show that ¢ (") is
a position of (' M : T)). we have to prove that ¢ (t*) = hide(v, {0..p},{0})
for some v satisfying condition (12). It suffices to take v = Y5 ., (¢ (t*)) where
Yo denotes the function defined in Sec. 2.1.4 that transforms plays of the
syntactically-revealed semantics to their corresponding plays of the fully-revealed
semantics. The rest of the argument is the same as in the @-application case. [

Corollary 2.3. If M is in $-normal form then for every traversal t, oy (t) is a mazimal
play if and only if t is a maximal traversal.

Proof. If M is in S-normal form then Trav(M)'® = Trav(M) therefore ¢ defines a bi-
jection on Trav(M). Let t be a traversal such that ¢(t) is a maximal play. Let ' be
a traversal such that ¢ < ¢. By monotonicity of ¢ we have ¢(t) < (t') which implies
o(t) = p(t') by maximality of ¢(t) which in turn implies ¢ = t by injectivity of ¢. The
other direction is proved identically using injectivity and monotonicity of o= O

The diagram on Fig. 4 recapitulates the main results of this section.

YMm
Trav(M) —— (),
Pum

full uncovering | |- [ [I' — T

Trav(M)'® - [M]

v

where an arrow ‘A —1 B’ indicates that f(A) = B.

Figure 4: Transformations involved in the Correspondence Theorem.

Example 2.5. Take M = \fz.(Agz.fz)(Ay.y)(fz) : ((0,0),0,0). The figure below repre-
sents the computation tree (left tree), the arena [((0,0),0,0)] (right tree) and 1), (dashed
line). (Only question moves are shown for clarity.) The justified sequence of nodes ¢ defined
hereunder is an example of traversal:

Mo g ///jf?%;ZEE:EEEE?EEF:::\\\\\\
. o\ - 7 |

AR A Afz-@-Agz- f ABL. fHE A
Agr Ay ABL m
f‘[l}”g‘/'”f‘[i}”///,»%? T Afr = A I\ B
,\‘[2]———"/\"[5]’::::-——"::/’/ m I
L | et I \f2)=q¢"¢"-¢-¢" ¢ ¢ c[M] .
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1658

1659

1660

1661

1662

1663

1664

1665

1666

1667

1668

1669

1670

1671

1672

1673

1674

1675

1676

1677

1678

1679

1680

1681

1682

1683

REMARK 2.2 Observe that the way we have defined traversals, the Opponent, contrary
to the Proponent, is not required to play deterministically, let alone innocently. It is only
required that he plays visibly (i.e., his justifiers must appear in the O-view) and respects
well-bracketing. This means that the game-denotation given by the Correspondence The-
orem also accounts for contexts that are not simply-typed terms. This indeed corresponds
to the standard innocent game model of PCF: the morphisms of the category C; are
P-innocent strategies but not O-innocent. The addition of O-knowing-plays in the denota-
tions is conservative for observational equivalence because the full-abstraction result holds
in the category quotiented by the intrinsic preorder, and in the definition of the preorder,
the “test” strategy a ranges over innocent strategies only.

3. Extension to PCF and ITA

In this section, we show how to extend the game-semantic correspondence established
for the lambda calculus to other languages such as PCF and IA.

3.1. PCF fragment

The Y combinator needs a special treatment. In order to deal with it, we use an
idea from Abramsky and McCusker’s tutorial on game semantics [11]: we consider the
sublanguage PCF; of PCF in which the only allowed use of the Y combinator is in terms
of the form Y (Az?.z) for some type A. We will write Q4 to denote the non-terminating
term Y (Az?.z) for a given type A.

We introduce the syntactic approximants to Y, M:

YIM = TEQu: A
Yit'M = MY"M) .

For every PCF term M and natural number n, we define M, to be the PCF; term obtained
from M by replacing each subterm of the form YN with Y"N,. We then have [M] =
Unew [M5] [11, lemma 16].

3.1.1. Computation tree

In order to define the notion of computation tree for PCF terms, we first extend the
inductive definition of computation tree for simply-typed terms (Def. 1.2) to PCF; terms
by adding the new inductive case:

T(Q(AL...,An,o)) = )\leh .. .:L’ﬁ”.J_

where 1 is a special constant representing the non-terminating computation of ground
type €2,.

We now introduce a partial order on the set of trees. A tree t is formally defined by
a labelling function ¢ : T — L where T, called the domain of ¢ and written dom(t), is a
non-empty prefix-closed subset of some free monoid X* and L denotes the set of possible
labels. Intuitively, T represents the structure of the tree—the set of all paths—and t is
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the labelling function mapping paths to labels. Trees are ordered using the approximation
ordering [13, section 1]: we write ¢’ C ¢ if the tree ¢’ is obtained from ¢ by replacing some
of its subtrees by L. Formally:

t'Et < dom(t') C dom(t) ANVw € dom(t').(t'(w) = t(w) V' (w)=1) .

e The set of all trees together with the approximation ordering form a complete partial order.

Here we take L to be the set of labels consisting of the Y-constants, @, the special

constant |, variables, and abstractions of any sequence of variables. It is easy to check

that the sequence of computation trees (7(M,))ne, is a chain. We can therefore define

the computation tree of a PCF term M to be the least upper-bound of the chain of
computation trees of its approximants:

(M) = | (r(Mo)ne -

new

165 In other words, we construct the computation tree by expanding ad infinitum any sub-
6ss  term of the form Y M. Thus for a term of the form Y4 F with A = (Ay,..., A,,0), the
167 computation tree is the unique (up to alpha-conversion) infinite tree that is solution of the
1688 equation:

T(YaF) = A\ 7(F) 7(YaF) 7(21) ... 7(zp) (13)

1es where T = x;...x, are fresh variables.

1690 We will write (C'T',C) to denote the set of computation trees of PCF terms ordered by
1w the approximation ordering C defined above. Clearly (C'T,C) is also a complete partial
102 order.

Example 3.1. Take M = Y (Afz.fx) where f : (0,0) and  : 0. Its computation tree 7(M),
is the tree representation of the n-long nf of the infinite term (Afz. fx)(Afz.fx)(Afz.fz)(.. . ]
It is the unique (up to alpha conversion) solution of the following equation on trees:

The remaining operators of PCF are treated as standard constants and the correspond-
ing computation trees are constructed from the n-long normal form in the standard way.
For instance the diagram below shows the computation tree for cond b = y (left) and Az.5
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(right):

Abxy A
co‘nd ‘5
1
b x Y

1603 1he node labelled 5 has, like any other node, children value-leaves which are not represented
10 on the diagram above for simplicity.

wos  3.1.2. Traversal
1696 New traversal rules are added to interpret PCF constants. The arithmetic constants
o7 are traversed as follows:

1698 e (Nat) If ¢ - n is a traversal where n denotes a node labelled with some numeral
1699 constant ¢ € N then ¢ - - 7, is also a traversal where 4,, denotes the value-leaf of m
1700 corresponding to the value ¢ € N.
1701 e (Succ) [If ¢ - succ is a traversal and A denotes the only child node of succ then
1702 t-suéc - \is also a traversal.

1 /—\ 1 /—\
1703 o (Sucd) Ift; - SUCC - \ - 1o - iy is a traversal for i € Nthen ¢, - suéc - \ - £y - iy - (7 + 1) succ]
1704 is also a traversal.
1705 e The rules for pred are defined similarly to (Succ) and (Succ’).
1706 The conditional operator is implemented as follows. (We recall that a cond-node in

oz the computation tree has three children nodes numbered from 1 to 3 corresponding to the
s three parameters of the conditional operator.)

1

1700 e (Cond-If) If t;-cond is a traversal and A denotes the first child of cond then ¢; - cond - A
1710 is also a traversal. 24> 0]

1711 e (Cond-ThenElse) If t; - cond - A - 5 - 1), is a traversal then so is ¢; - cond - A - t9 - iy + A

k
VN

1712 o (Cond') If t; - cond -ty - A - t3 -4y is a traversal for £ = 2 or k = 3 then the sequence
1713 t1-cond -ty A-t3 -1y - leong 1S also a traversal.

e It is easy to verify that these traversal rules are all well-behaved. This completes the
s definition of traversals for PCF.

e 3.1.53. Revealed semantics
We recall that the definition of the syntactically-revealed semantics (Sec. 2.1, Def. 2.6)
accounts for the presence of interpreted constants: For every Y-constant f : (Ay,..., A,, B)
in the language, the revealed strategy of a term of the form A.fN; ... N, is defined as:

(&SN NG = (N2, - (D) 8% (1]
7 where [f] is the standard strategy denotation of f.
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1719
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1726
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1728

1729
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1732

1733

1734

1735

1736

1737

3.1.4. Correspondence theorem

We now show how to extend the Correspondence Theorem of the simply-typed lambda
calculus (Theorem 2.2) to PCF.

Lemma 3.1. Let (S, C) denote the set of sets of justified sequences of nodes ordered by
subset inclusion. The function Trav()!® : (CT,C) — (S, C) is continuous.

Proof. - Monotonicity: Let T and T" be two computation trees such that 7" C 7" and let ¢
be some traversal of T'. Traversals ending with a node labelled | are maximal therefore
L can only occur at the last position in a traversal. We prove the following properties:

(i) If t =t -n with n # L then t is a traversal of T”;

(i) if t =t; - L then t; € Trav(T’).
(i) By induction on the length of ¢. It is trivial for the empty traversal. Suppose that
t = t; -n is a traversal where n # 1 and t; is a traversal of T7'. We observe that in all
traversal rules, the produced traversal is of the form ¢, - n where n is defined to be a child

node or value-leaf of some node m occurring in ¢;. Moreover, the choice of the node n
only depends on the traversal ¢; (provided that the constant rules are well-behaved).

Since T'C T, any node m occurring in ¢; belongs to 7" and the children nodes of m in
T also belong to the tree 7. Hence n is also present in 7" and the rule used to produce
the traversal ¢ of T' can be used to produce the traversal ¢ of 7",

(ii) L can only occur at the last position in a traversal therefore ¢; does not end with L
and by (i) we have t; € Trav(T").

Hence we have:
Trav(T)'® ={t [r|te Trav(T)}
={({t-n)fr|t-neTrav(T)An#L}U{(t-L)[r|t-LeTraw(T)}
(by (i) and (ii)) C{(t-n)|r|t-ne€Trav(T)An# L}U{t|r|te Trav(T")}
= Trav(T)'® . |
- Continuity: Let t € Trav (Unew Tn). We write t; for the finite prefix of ¢ of length i.

The set of traversals is prefix-closed therefore t; € 7Trav (Un@ Tn) for every 4. Since t;
has finite length we have ¢; € Trav(Tj,) for some j; € w. Therefore we have:

tlr= (\/ t) [ (the sequence (t;);e., converges to t)
IS
= J(ti[7) since _ [ r is continuous (Lemma 1.1)
IS
€ U Trav(T;,)'® since t; € Trav(T},)
(S
C U Trav(T;)'® since {j; | i € w} Cw.
IS
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1739

1740

1741

1742

1743

1744

1745

1746

1747

1748

Hence Trav(U,, Tn)'"® € U, Trav(T,)'®. O

new — N

Proposition 3.1. Let ' M : T be a PCF term and r be the root of T(M). Then:

(1) ou(Trav(M)") = (M) ,

Proof. We first show the result for PCF;: For (i), the proof is an induction identical to
the proof of Theorem 2.2; we just need to complete it with the new constants cases. The
cases succ, pred, cond and numeral constants are straightforward. Case M = Q,: We
have Trav(,) = Pref({\ - L}) therefore Trav(€,)!® = Pref({\}) and [Q,] = Pref({q})
with @(A) = ¢. Hence [Q,] = o(Trav(,)!®). (ii) is a direct consequence of (i) and the
Projection Lemma 2.7.

We now extend the result to PCF. Let M be a PCF term, we have:

[M] = U [M,] [11, lemma 16]
new
= U Trav(t(M,))'® since M, is a PCF; term
new
=Trav( U 7(M,)'® by continuity of 7rav(_)'®, Lemma 3.1
= Trav(ze(u])\/[)) 1® by definition of 7(M)
= Trav(M)'® . O

Hence by Corollary 2.1, ¢ defines a bijection from 7rav(M)'® to [M]:

~

¢ : Trav(M)'® — [M] .

Example 3.2 (Successor operator). Consider the term M = succ 5 whose computation
tree is represented below. Vertices attached to their parent node with a dashed line repre-
sent the value-leaves.

Aol
su‘c\c\:;(:]:::\ls\
5.0 i
R

The following sequence of nodes is a traversal of 7(M):
t=\-suéc- A\ -5‘(?35 =Dyt - Oguce - 6yo -
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1750

1751

1752

1753

1754

The subsequences t* and ¢ | r are given by:

=\ AT 5 — .6
=N\ 5)\1 6)\0 and tfr—)\ 6)\0.

The sequence p(t*) = qo - g5 - Dys - Dgy Where o and g5 both denote the root of the flat
arena over N, corresponds to a play of the syntactically-revealed semantics. The sequence
©(t [ r) = qo - 5y, corresponds to a play of the standard semantics. The interaction play
(t*) is represented below:

1 - N X N

Example 3.3 (Conditional).

Azy Take the computation tree represented on the left (value-leaves are
| not shown). For every value v € D we have the following traversal:

coPd
AL A2 A3
| x‘ é t=Ary-cond- A .11, A3 Y Uy - Ux3 * Veond * Uday -

Figure b5: Computa- L.
tion tree of the term Lhe subsequence t* is given by:

Azy.cond 1 z y.

=y - AN Y0, O - Uy
and the core of ¢ | ® is given by:
tl®= Axmmy .
By the correspondence theorem, the sequence of moves p(t*) (represented in the diagram

below) is a play of the revealed semantics, and the sequence ¢(t | ®) is the play of the
standard semantics obtained by hiding the internal moves from ¢(¢*).
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N x N MmN« N x N @ N
(Azy)

P

)\1
e
1
(3?)

o

Vg

Uf]o
1755

s REMARK 3.1 (Finite representation of the computation tree) Due to the presence of the
sz Y combinator, computation trees of PCF terms are potentially infinite. It is possible to
ss  give an equivalent finite representation using computation graphs. We briefly describe here
7o how this can be achieved.

1760 The idea is to replace Y-recursion by p-recursion: each subterm of the form Y, M is
wer replaced by pf.M f for f fresh. The computation graph is then obtained from the eta-long
ez normal form of the term. The abstraction nodes are generalized to take into account u
wes binders: an abstraction node is of the form M\Z where T is a list of y-bound and A-bound
e variables where the p-bound variables are written in parenthesis to distinguish them from
wes  A-bound variables.

1766 The computation graph of Y4 (Af4.M) for A = (Ay,..., A,,0) is then obtained from
wer  the syntax representation of W(f)z;...xz,.[M] by adding a child edge going from each
s occurrence of the recursion variable f in [M] to the root N(f)z; ... z,.

1760 This presentation also accounts for ground type recursion, for instance the computation
o graph of the while operator of Idealized Algol defined as while C'do I = Y (A f.cond C skip (seq I f))}}
i is given by the graph of W(f).cond C skip (seq If).

1772 The order of a generalized abstraction node is still defined as the order of the term
s represented by the subtree rooted at this node. In other word, the order of N7 is defined
e as the order of Ny where 7 is the sublist of T obtained by removing all the recursion
s variables (those in parenthesis).

1776 Bound variables in a generalized abstraction node WZ are numbered as follows: The 7
777 A-bound variable in T is denoted by 4 and the i recursion variable is denoted by (i). The
s links in a justified sequence of nodes are labelled accordingly.

1779 All the traversal rules are kept unmodified. The recursion variables in the A-nodes are
e ignored by the rules since such variables are numbered differently from standard variables.
et In particular, the (Var) rule only applies to non-recursion variables. We only need to add
ez a rule to handle recursion variable: whenever a traversal meets a recursion variable f in
w3 the subgraph 7(F'), the traversal jumps to the root of the graph:
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1785

1786
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1788

1789
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1791

1792
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1794

1795

1796

1797

1798

1799
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1801

1802

1803

1804

1805

1806

1807

1808

1809

1810

1811

1812

1813

1814

1815

1816

1817

1818

S
(Vare) If ¢/ -n-XNZ... f; is a trayersal for some recursion variable f;

R N
bound by NT then sois t'-n-NT... f; - N\T.

The enabling relation F needs to be adapted to allow the root to be justified by a recursion
variable (as if it was a child of the recursion variable). Since a traversal can now visit the
root multiple times, the definition of the traversal core also needs to be adapted: instead
of keeping all the nodes hereditarily enabled by the root, it keeps the nodes that are
hereditarily justified by an occurrence of the root with no justifier. The definition of the
mapping ¢ from nodes to moves remains consistent with this notion of computation tree,
and the game-semantic correspondence follows.

3.2. Idealized algol

We now consider the language Idealized Algol. The general idea is the same as for
PCF, however there are some difficulties caused by the presence of the two base types var
and com. We briefly sketch how our framework can be adapted to IA without going into
the details of the proof of the Correspondence theorem.

Computation hypertree

The languages that we have considered up to now (lambda calculus and PCF) do not
have product types. Consequently, the arenas involved in their game model only have a
single initial move at most, and can therefore be regarded as trees. This property permitted
us to represent the game denotation of term directly on some representation of its abstract
syntax tree—the computation tree. This cannot be done in IA because the base type var
is given by the product com” x exp which corresponding game has infinitely many initial
moves, whereas the AST of the term is a tree and therefore has a single root.

The overcome this mismatch, we use hypertrees instead of trees. These hypertrees
provide an abstract representation of the syntax of the term in which some nodes, called
generalized lambda nodes, are themselves constituted of (possibly infinitely many) subn-
odes. Furthermore each individual subnode can have its own children nodes.

NOTATIONS 3.1 For every type p, we write D,, to denote the set of values of type pu. We
have Deyp = N, Deop = {done} and Dyay = Deyp UDcon. For every node n, if x(n) is of type
(Ay,... A,, B), we call B the return type of n. The set of value-leaves of a node n is given
by D, where p is the return type of n. For conciseness, when representing value-leaves in
the hypertree, we merge all the value-leaves of a given node of type u into a single leaf
labelled D,,. For instance we use the tree notation

n  to mean and n  for N

n
| g | |
Dexp 0 1 \2\ tt Dcom

done

The computation hypertree of a term with return type var has infinitely many root
lambda-nodes which are merged all-together into a single node called a generalized
lambda-node. The subnodes of a generalized lambda nodes are labelled A", A0, A%t
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w9 A2, ... Suppose that M is a term of type var, then the computation hypertree for )\E]\!
120 1S obtained by relabelling the root A-nodes A", A0, A%, A*2 .. .into \"§, A&, \1E, N2,

w1 ... For a term M of type exp or com, the computation hypertree for A\é.M is computed
1822 the same way as for computation trees of lambda-terms.
1823 Table 4 defines the computation hypertree for each term-construct of IA. A generalized

w24 lambda node is represented by a frame surrounding its subnodes (2"? and 6" row in the
1825 table).

w6 Fnabling relation, justified sequence

1827 The notion of binder is redefined as follows: Given a variable node z, the binder of z
s 18 the first node occurring in the path to the root that is a lambda node AT with x € T or
1820 a block-declaration node new .

1830 The enabling relation and the definition of justified sequence is modified so that occur-
i1 rences of block-allocated variables are justified by nodes of type new x instead of lambda
1832 nodes.

33 Children numbering convention

1834 Let p be a node and suppose that its " child n has return type var. Then n is a
w3 generalized lambda-node with subnodes A"€, A“0&, ... From the point of view of the
36 parent node p, these subnodes are referenced as “i.a” where 0 < i < arity(p) and a €
w7 {r}U{wy | k € N}. For instance i.r refers to the root labelled A"€ of the i*" child of p, and
e i.wy, refers to the root labelled A\“+€.

130 Lraversals
1840 The following new rules are added on top of those defined in Sec. 1.3:

1841 e Application rules

The rule (app) is now split up in three rules (appexp), (aPPcon) and (appyar) correspond-
ing to traversals ending with an @-node of return type exp, com and var respectively.
The rules (appexp), (aPPcon) are defined identically to (app) (see Sec. 1.3). The rule

(appvar) 1s

0.k
V>

(apPvar) t - )\k%-\@ € Trav and k € {r,wp,wy,...} = t- )\’%.\@ N € Trav

1842 o [nput-variable rules

We define the rules (InputVal®) for $ ranging in {com, var, exp}. For com and exp, the
rules are defined identically to (InputVal) of Sec. 1.3. The var case is implemented
by two rules:

t - N'E Tty € Trav

var)
ty -2ty -0, € Trav

r

(InputValue

var

z pending node A z € N& Az :var, veD I
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M (M)

X p \
p € {com, exp} N
x_ D,
Dy
newz in N : p
new x
p € {com, exp} R
T(N:p) Dy
X : var (A Awo yw w2 e
Deyp T done
Dexp ‘done
skip: com iR
skip done
done
deref L : exp )‘\ .
de‘reI: “done
7(L : var) done
assign L N : com )‘\ _
assign B done
— [ Tee L
7(N :exp) 7(L : var)  done
seq, N1 Ny A
com seq, e D,
p € {exp, com} Tl

7(Ny : com) 7(Ny: ) done

\)\'wl N W2 )\1:1]

S~ RS N |
- RGN
NN |

Dexp mkvar “done

NS
/ O~
N

T(N;) T(Ny) Deyp done

mkvar N, N, : var [)\T A%

~
N ~
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1843

1844

1845

1846

1847

1848

1849

1850

1851

1852

1853

1854

1855

1856

1857

t - A€z ty € Trav

var )
w

z pending node A z € N& Az :var .

var

(InputValue
t - xﬁnex € Trav

o /A constants rules

The rules for the constants of IA are given in Table 5. These rules for new are purely
structural, they are defined similarly to (appexp); (aPPcon) and (appaone)-

The rules from Table 5 do not suffice to model mkvar however. We need to specify
what happens when reaching a variable node that is hereditarily justified by the
constant mkvar. Take for instance the term assign (mkvar (Ax.M)N)7. The rule
(mkvar” ) permits one to pass the node mkvar and to continue with the traversal of
the computation tree of A\z.M, which may subsequently lead to some occurrence of x.
The behaviour of the traversal at this point is specified by the traversal rules defined
in the next paragraph.

Variable rules

Let z be an internal variable node. Then by definition it is either hereditarily justified
by an @-node or by a Y-constant node.

— Suppose that 2’s binder is a lambda-node A\ and € N°".

This case is a generalization of the rule (Var) (Sec. 1.3). The only difference is
that for variables of type var, the lambda nodes preceding x in the traversal
determines the lambda-node that is visited next:

7

tn)\m, € Trav
(Varyar) - ;€ N Nae {r}u{w;|i e N} .

i

t-n-)\mi-AmeTrav

— Suppose that z’s binder is a lambda-node and x € N"=". Then 2’s binder is
necessarily the second child of a mkvar-node (since mkvar is the only constant
of order greater than 0).

_ —
(mkvar-Var) t- A -mkvar - Az -1y - & € Trav

t- AWk - mkvar - )\m’/\k‘x € Trav

— Suppose that x is a block-allocated variable.

Given a block-declaration new z, we call assignment of x any segment of traversal
of the form A\“*¢ - x for some k € Deyp and occurrence x of a node bound by
new x. We call k the value assigned to x.

t- A€z € Trav

t- A€ . 2" done, € Trav

= Nnewl—

(new-Var,,) .
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(deref) t- dersf € Trav (deref) t-deref -n-ty-v, € Trav

t-deref -n € Trav

t-deref -n -ty v, - Veresr € 7 rav

_ t-assign € Trav ., l-assign- )\mx € Trav
(assign) T (assign’) s
PR

t-assign- A€ Trav

t-assign - )\m)\ A € Trav

2.wy

t-assign -ty - A7) - t3 - doney; € Trav

(assign”)

: = T~
t-assign-ty- A\ -t3- done)y - doneagsign € Trav

t-seq-n-ty-v, € Trav
(seq’) 1=

., T~
t-seq-n-ty-v,-méeTrav

t-seq € Trav

(seq) i Sy
t-seq-n € Trav

2
t-sem-tg-vme’]'rav

se "
(seq )t-seq-tg-m-tg-vm-vseqeva

t-NE- mkvar € Trav t - mkvar - )\/-tg\-w € Trav

(mkvar,) —— (mkvar;)
T‘_ ' /\
t- A€ -mkvar - A € Trav t - mkvar - )\m)\ * Univar € Trav

t- A€ .mkvar € Trav

— T~
t- A& -mkvar - \ip € Trav

(mkvar,,)

_ T
t- AYrE -mkvar - A7) - ¢y - doney; € Trav

(mkvar’)
— =, T~
t- )\wké“ - mkvar - )\’)7 . t2 . donem . donemkvar S TTGU

where v denotes some value from D.

Table 5: Traversal rules for IA constants.
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1858

1859

1860

1861

1862

1863

1864

1865

1866

1867

1868

1869

1870

1871

1872

1873

1874

1875

1876

1877

1878

1879

1880

1881

1882

1883

1884

1885

1886

1887

1888

1889

1890

‘/,/”/">44>‘§\::\\\\
ti-newx-ty- NE-x € Trav

where £ € N is the last value

/—\ . . .
ty-new z -ty - NE -4 ky € Trav assigned to x in t9, or 0 if there
is no such assignment.

(new-Var,)

3.2.1. Game semantics correspondence
The properties that we proved for computation trees and traversals of the lambda
calculus with constants can easily be lifted to computation hypertrees of IA. In particular:

e Constant traversal rules are well-behaved (for order-0 and order-1 constants, this is
a consequence of Lemma 1.3; for mkvar and new this can be easily verified);

e P-view of traversals are paths in the computation hypertrees;

e For beta-normal terms, the P-view of a traversal core is the core of the P-view
(Lemma 1.20, and the O-view of a traversal is the O-view of its core (Lemma 1.18);

e There is a mapping from vertices of the computation hypertrees to moves in the
interaction game semantics;

e There is a correspondence between traversals of the computation tree and plays in
interaction game semantics;

e Consequently, there is a correspondence between the standard game semantics and
the set of justified sequences of nodes Trav(M)'®.

4. Conclusion and related works

We have given a new presentation of game semantics based on the theory of traversals.
This presentation is concrete in the sense that the traversal denotation carries syntactic
information about the term. We established the connection with the Hyland-Ong game
semantics by means of a Correspondence Theorem: The set of traversals of a term is
isomorphic to the revealed game denotation of the term.

One advantage of the traversal theory lies in its ability to compute beta-reduction lo-
cally without having to perform term substitution. As observed by Danos et al. [14], “the
interaction processes at work in game semantics are implementations of linear head reduc-
tion”. In that regards, the traversals theory can be viewed as a rule-based implementation
of the head linear reduction strategy [15]. Although the idea of evaluating a term using
this strategy is not new, our presentation has several advantages and novelties. Firstly, the
Correspondence theorem establishes a clear correspondence with game semantics, namely
that traversals gives you a way to compute precisely the revealed game denotation of a
term. To our knowledge, although the notion of revealed game semantics was mentioned
in previous works [9], it was never formally defined. Secondly, our presentation highlights
more clearly the algorithmic aspect of game semantics. The rule-based definition of traver-
sals lends itself well to automaton characterization. An example is the characterization of
higher-order recursion schemes by collapsible higher-order pushdown automata [16].
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1891

1892

1893

1894

1895

1896

1897

1898

1899

1900

1901

1902

1903

1904

1905

1906

1907

1908

1909

1910

1911

1912

1913

1914

1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

1925

1926

1927

1928

1929

Another advantage of the traversal theory is its efficiency for effectively computing the
game-semantic denotation of a term. The traditional approach is to proceed bottom-up
by appealing to compositionality. Although the compositional nature of game semantics
is very attractive from a theoretical point of view, in practice it is not efficient to compute
a denotation in that way. Indeed, for every subterm one has to compute all the possible
ways to interact with the environment for that subterm. But this denotation is then
immediately composed with another subterm, which determines part of the environment’s
behaviour, thus it was wasteful in the first place to consider all the possible behaviours of
the environment for the first term.

The traversal theory follows a top-down approach which means that we only consider
possible behaviour of the outermost environment. Moreover contrary to the compositional
method, there is no need to implement any composition mechanism: the set of traversals
is just obtained by following the traversal rules; the hiding of internal nodes is postponed
until the end.

The lazy nature of the traversal evaluation provides a further source of efficiency: the
beta-redexes are computed “on-demand” instead of performing a global substitution.

Last but not least, we believe that the syntactic correspondence between game semantics
and its syntax is of pedagogical interest. Game semantics is often found hard to understand
due to some obscure technical definitions. A concrete presentation such as the one given
by the traversal theory, allows one to explain game-semantic concepts (such as P-view,
innocence, visibility) from a programmer point of view. I have implemented a prototype
tool using the F# programming language, which among other things, illustrates the theory
of traversals [17]. The tool lets the user “play” the game induced by a simply-typed term
(or a higher-order grammar) just by choosing nodes from the computation tree. As the
game unfolds the corresponding traversal is shown. A calculator mode allows the user to
perform various operations on justified sequences. (All the examples from this chapter
were generated using this tool.)

Further correspondences

The traversal theory that we have presented here captures the lambda calculus fragment
of the game model of call-by-name programming languages such as PCF and Idealized
Algol. A natural way to extend this work would be to define the appropriate notion of
traversal corresponding to the call-by-value games [18, 19].

Applications
The theory of traversal has applications in several domains of research:

Verification

The theory of traversal was originally introduced by Ong to study the decidability of
MSO theories of infinite trees generated by higher-order recursion schemes. This result
was recently used by Kobayashi to develop a novel framework for verification of temporal
properties of higher-order functional programs [20].
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1959

1960

1961

1962

1963

1964

1965

Another promising application of the traversal theory concerns the study of reachability
problems. In its most general form, the reachability problem for programming languages
can informally be stated as: Given a term M and coloured subterm N, is there a context
C[—] such that evaluating C[M] involves the evaluation of N?. In an ongoing research
project, Luke Ong and Nikos Tzevelekos make use of the traversal theory to study several
variations of the reachability problem for finitary PCF [21].

Automata theory

The traversal theory has led to an equi-expressivity result between a certain type of
automaton device called collapsible pushdown automaton (CPDA) and higher-order recur-
sion schemes (HORS) [16]. One direction of this proof relies on the traversal theory: for
a given HORS, a CPDA is constructed that computes precisely the set of traversals over
the computation tree of the HORS.

A crucial point in this encoding is that structures generated by recursion schemes are
of ground type. Because such structures do not interact with the environment, their game-
semantic denotation is relatively simple. In particular, the O-view of the traversal does not
play any role in the traversal rules and therefore the automaton does not need to calculate
or remember it. A natural extension would be a similar automata-characterization for
higher-order structures such as simply-typed terms.

Pattern matching

Higher-order matching is the following problem: Given an equation M = N where M
is an open simply-typed term and N is a closed simply-typed term, is there a solution
substitution € such that M6 and N have the same (n-normal form? Huet conjectured in
1976 that this problem is decidable [22]. It was proved only recently by Colin Stirling that
it is indeed the case [23].

Stirling’s argument is based on a game-theoretic argument, namely the concept of tree-
checking games. As pointed out by Luke Ong, Stirling’s games are closely related to the
innocent game semantics framework provided by the theory of traversals. The concept of
traversals is implicitly present in Stirling’s proof (though the notion of justification pointers
is replaced by “iteratively defined look-up tables”).

Analyzing syntactic constraints

The connection between syntax and semantics provided by the traversal theory enables
us to analyze the effect of a given syntactic constraint on the game model. The next
chapter is an example of such an application: By making simple observations about the
computation tree of safe terms, the Correspondence Theorem allows us to show that their
strategy denotations are of a particular kind: Their plays satisfy a certain property called
incremental justification.
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